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T Fi  F THFOBY  OF  TH  •'  !)  M.iT  h A D Y FILTRATION  OF  L 1 ? 1 1 L AND  W:.. 


G.  I.  Far  on  blat  t , v.  M • Y>?ntov,  V.  ii.  'yzhi%. 


Fa  je  2. 


Earennlitt  G.  1.  , Yentov  V.  !*.  , Kyzhik  v.  m.  Th-ory  o’’  th- 
unsteady  riltration  of  liquid  and  'fas-  M.  , "interiors",  1 i / iSfi. 


In  the  took  is  jiven  t I.*  short  characteristic  of  t.n  . porour, 
media  in  which  occurs  t no  filtration  of  liquid. 


Basic  attention  is  devoted  to  t hr  solution  or  problems  in  “he 
unsteady  filtration  ol  liquid,  qus  and  milt  iccmponent  systems.  Are 
examined  t theoretical  p rereq Lisi“ e/prem  ises  of  filtration  ir  ’■he 
porous,  ciacked  and  cr acked- porous  media.  Ate  described  the  laws  of 
the  f i 1 1 r a t ion  oi  the  mixtures  ct  different  physical  propel  ties, 
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dependence  of  t he  li  i:>  iacoinei.t  o;  .so  a-  liquids  I,y  jtheis. 

All  prol  lens  ir*'  solved  in  connection  with  ’■ho  1’v  lopm  ?i.  “ ot 
petto  lou.ii,  qas  an  l ]as-conder.sa*  ion  deposits- 

Ti  o hook  is  intended  for  the  technical  personnel  of  the 
oil-ext  tactin-j  industry.  Special  interest  it  will  be  of  for  the 
scientific  woikers  >r  scientific-research  an  i desiqnei  ins*itut*-.s. 

Tables  7,  illustrations  «9,  bibliography  is  Ihi  nmos. 
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PHYSICAL  BASIS. 
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1.  Forou:  med  i ij  'ii  . it.  | iu|h  r * i > s . 


The  : iitra^ion  *•!.  -'cry  stun  i os  the  irot  i cn  of  jas's,  liquids  a r -i 
their  irix’ur*'.;  in  ti.  ■ porous  ir^dia,  i.*-.,  l self  Is,  pi  mo-  I 1 v *n- 
system  oi  t '.ie  comm  u n ic  1 1 i ng  voidr,  (pores)  , which  makes  * (i  -it  tho:?-= 
which  are  penetrated  ror  liquids  1 . 

F COT  NOT?’  1 . It  goes  without  saying  tha*  part  of  r h°  pores  ran  i*  *■  h< 
which  w <■  j • ’ isola  te/ insu  lat  ed  . fcNDFOOTNOT  E. 


The  motion  of  lr  [ui  is  and  janes  in  the  porous  medium  has  a 
series  of  special  f oa  *■  ure/pecu  1 iar  i t ies.  The  porous  medium  consists 
cf  the  . noimous  nuaiior  of  randomly  a r is  ngod/locat od  jrairis  of  vai  iou 
forms  an  i value.  TheroLorc  the  space  ii  which  moves  the  liquid,  i s 
the  system  of  the  pores,  which  continuously  convert  one  to  another. 
For  the  porous  medium  characteristically  the  property  ot  t |sj 
communication  of  pores,  it  it  is  not  possible  to  visualize  in  the 
form  of  tio  totality  ot  the  capillaries,  arra nge/loca ted 
independently  one  from  mother.  Certain  concept  about  the  porous 
medium  gives  the  photograph  of  ♦he  section  of  oil-bearing  sandstone 
(Fig.  1.1)  . The  character  or  comvunicat ion/connect  ion  of  the  pores 
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paci; 


between  with  iij  oi'Si-iv-ir].'  i n t Do  pnotojraph  of  the  raol  i of  pore 
space  ( k i i j . L.Z),  borrowed  from  book  r V)  |. 

The  irregular  character  oi  the  structure  of  aor°  space  do'>s  nor 
make  it  possible  to  st  udy  the  motion  of  liquid  and  gases  in  it  by  tic 
direct/str aight  appl ira r ion/use  ol  usual  methods  of  hydrodynamics. 


i.e.  , 

mean  n 

t.  o t i . e .s o 1 u t i on  ot 

the  ■ j u a t i oil 

s ot  mo* ion  o 

fluid 

f O’ 

region,  which  iis 

t he  t o t a 1 i t y 

of  all  {sores 

soluti  *Ly,  -*vf;n  the  rotation  cf  the  boundary  conditions  of 

this  j,  obviously,  connected  with  i nsu  r mcu  nt  abl  e ii  i f £ ic  u It  i>-:. . 

However,  in  this  solution  there  is  no  need:  with  in  increase  in  th” 
number  of  separate  micr  ctnot  ions,  constitutin']  macroscopic  filtratior 
motion,  beqin  to  be  exhibited  the  total  statistical  laws, 
characteristic  for  motion  as  a whole  and  not  valil  tor  one  pore 
channel  or  several  channels.  The  appearing  situation  is 
characteristic  tor  systems  with  the  large  number  of  cel  1/e  le  me  n t.  s 
(see  1 books  f fib  ])  , weakly  connected. 
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Such  ; v.»*  «*  . c i n t • 1 ■ c l 1 1 * i ' >n  •>  cent  i r.uous  a -<  i j i w.n 

Fropott  i«  • u not  <*x:  r«  .soil  eitsctly  t..tou,h  th*»  ptuporti  of 
conrt  i ’o  1 • r n * . , a u-  > : ■ r : - j v - r a : *•  ! char  act.-  ri  * i<:  n . t : • l ■ ■ • * 

1 i ft*  v i l n i • . * ho  ii-’  i i i . 

Si  1 i 1 j i to  t :i : i . ' y i i o i y i i . ; i _ not  e x am  in  ■.  1 t hi  not:  \ > : 

He;  a:  i*o  olecule.,,  . •)  t th*  > -ti  • intLOiucco  scat  lyinni; 

chars c*  ■!:.  t ies  of  I i j i . I ■ trot.f  ii.uou.*-  in.--l  ium.  * it  n t h is  a • pr  oa<;  r v 
hy  drody na  ic  x ire  - xi  it.,  i th  only  volumes  ot  liguids  who 
si ze/d itm  : ions  u-’  .;tr  . : i • : * 1 r ycea*  in  comparison  with 

inter  *"l-*cu  la  r distinc*  i:  order  that  in  any  vol  m*  would  he  loci*-; 
the  . ii  i r ic  io  r.  1 1 y i ir-j  • mini  * i n mol  ecu  le.3  ami  would  he  possibly 
averaging  1 . 

FCCVNCir  > . V;  i.  known  ire®  the  prohat  i lit  y theory,  tb  y r<  itoi  tin 

number  tan  dot#  u*  limit  y,  the  generatrices  certain/homo  tot  alt  * y , * 

lesser  th>  pi.  obahi  1 ity  ot  t ne  deviation  of  the  average  value  »t  * h 
paramt  'et  * or  t he  given  realization  f ten  most  probable  val  u<  . Thereby 
the  indicated  re  ju it  om*  tits,  make  integral  motion  chaL'act.  or  i.;»  icj 
su  f f i oi»  :,t  1 y stable,  j-,  NDFCOTNOTF. 
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■ i • t h* 

net  t i.a t • i.i  put 

jus  if>'  ii  un.  i rid 

i * ; tilling  1 i ;ni  1 

% 

fora 

! t I ".  '1  O 11: 

. 

. that  - S nh  y : 

really  in  1 i r.  i ♦ • • . ; l .• 

al 

sy  st  * 

1.  ".I'M., 

th  e 1 i j ii  i a-  ; oi  nus 

...  .i  13  tl 

. sa - e a re 

suf  t ic  i :*♦  1 v ; ; • » t i : r cir  ]■  1 1 i . .m  with  * h<  ize  / dxar>  re  im.-i  ol  i u • 

and  jr  ji'  >1  rtf  ; u > u hk  lium;  cj  r 1 y fc:  ♦. he  velum-  ir  wh  ich 

i Lu  l . nu  i i f j ( i 1 . i ■ ins,  . : • su f f i i ntl 

r e i i > • • t t t : v »,.*•  .:i  - tcducc  i aver  _ied  char  act  e r i .;t  ic:; . J 

■ . : . • . • . • to  l u m<  , 1 1 • iicl  usion/der  ivatioi  • 

cf  f i 1 1 r ) *.  i j : l : . 


From  tii*-  vi»*w  point  oi  tiltrat  ion  theory  the  va  lu  •=*  of  . >1  i i 

skeleton  the  po  rcu:  ned i urn  : 1 1 ..t  cf  ill  jecaietric:  it  limit 

i • . : spacu,  in  nhicl  / * I i i nly  in  th  n o i c j a 3 

case:  it  whicl  it  .ill  fc*  aid  below,  it  is  nec*  . try  • lii 

consider  power  in  ter. 3 :r  ion  bet  weer  th-  .;k<  let  on  an  i tl  a ijac-.-nt  * o 

• • 

it  layer.,  if  liquid.  Therefor*  the  prop  rti  .;  of  ♦ h (•■•nous  m ' : u - i : 
f i It  t !♦  ion  ♦■f.'-oiy  ar-  iescrifcod  by  certain  jet  cf  iimer.  ,ion  i 3 


char  act  *-r  i j* 

i c: , . 

Due 

to  t he 

iii*-  pliant 

y of  t li* 

.;  1 1 uc  t u n* 

of  it-,  pur- 

space  it  i: 

not 

po jsi r 1 - to 

com pie tei y 

1 e sc  r i L e 

by  i n y fir 

1 i 5 O t r > ; 

parameter  s ; 

t or 

p'l  t f o 

.,“S  of 

t i ltrat ion 

th“oi y , 

however,  r,  u 

f f ic  j r t 

small  i.u"  r of  ivorainii  characteristics. 
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Tit*  most  import.^n*  oha  racier  i >t  it  ct  tn**  fcrou-  m.  I i u si  - it 
porosity  :n,  is  equal  to  t nr-  ratio  of  th*  v(>  lu ue  , oocani-d  i •.  » hr 
chosen  <:«*  1 1/e  le  men  t with  burrows,  to  rKi  t rt  H volume  or  thr- 
ee 1 1/ele:-,.  i t : 

m VJV.  (i.l  I) 


. Tli-  relationship/ratio  (1.1.1)  determines  the  average  porosity 

of  this  cell/.  ement.  After  sc  leer  in  j certain  pcin-  of  rhe  porous 
medium,  surrounding  it  1 v cell/elements  increasingly  less  volumr,  w 
ca  n d e f i n-.  1 ccj  1 norouty  as  1 i r i t of  [ or  os  i t y w i * li  the  contraction 
of  volume.  In  ♦ hi  s case,  i*  i..  i.tc^nfa  t y t c Keep  i i.  mit  1 that  with 
the  "contraction"  or  c-.-ll/t  1*  mt  r.t  it  1 1 ways  must  remain  largo  i r. 
ccb  pari  son  winp.  t he  micros  calf  of  th--  pore  us  medium  (by 
size/dime-nsien  of  pores  or  groins)  ■ situation  here  is  completely 
analogous  to  posit  ion  in  other  sections  of  the  mechanics  of 
continuous  medium;  so,  during  the  determination  of  th-  local  density 
of  gas  the  size/dimension  of  control  volume  always  is  sel-'-cte)  Largo 
in  comparison  with  inter  molecular  list  a nets  [sec,  for  Qxair..,  ah]. 


■4 
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M -i'  fa* 

JO 

Dm  . i i ii'  not  n ir- 1 i . I ’ 'i  or  porosity,  nun  II  y is  d iut  j i <jij  j s!  •. 

th<  ■ poros i 1 7 in  wh ic  ar*  considered  « 1 1 pores,  and  • 

act  jVi  ; ovo.uty,  .iii-  i .!••*•  i a lv.i*  ion  ct  v. rc  h ir  ••  cot;  side  red  only 

t he  ♦ ho.  ■ i or-  , .■  K i • • r ♦ . r : r t i.  tinql  • . votcni  of  in  to  i com  -rt  • 

po r <- .?  dii  1,  t h i >r  • •:  > i , ~ h-  y um  jio  r ; ! 1 I t y liquid  t rom  wi  r ho'i  t . F'ot 

cm  [oir  ; o.o  . i.s  i r : imi'*,  i r j.  j i * m a 1 , only  act.  i vo  poro  si  t y ; 

there!  . • il  ■ o ■ • t . y by  porosity , • mder stood  namely  It,  { long 

with  : ’ : i * j * , -!•-;■  is  ii:  1 1 iuc<  i the  ccrccpt  > : the 

!'  p r os  v>  1 1 < . . t i"  oi  i , i "t  in»*  u i or  -ich  r-ot  j cn  , pa sail  j * hr  ottah  * i . 

point  a f relation  of  ♦ hr  it  • a cf  pores  in  section  to  m - n t i r< 

sectional  it  *•.».  i*  i to  a see  1 1 in  that  The  * ran:;  1 «!»-<■•  r c«  a*  t » . 

particular  point  lo  . • ;t  dep-*-  t .«  or  the  a*,  lec  t i cn  or  th-  J i r»  c ♦ ioi  • * 

sectici  ar  i is  equal  to  porosity  ,r  r '>u  ]. 
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ion  of 

[CIOS 

ami 

i . in  * ii  t i on  i 

! or  t j1(_  j v » o irn  ■ t r ic:a 

3 ) y s i it  i la  r m->d  ia  . 

A 1 onq 

w i th 

per  os 

i ty  for  t he. 

o 

r-* 

-t- 

f oio u i mod  i um , it 

i s 

: i 

saty 

* o i n die  a t .? 

i Iso  ccr  t ,iif;  si  i n i f 

icant  dimension  of 

tin  pore 

spacp 

■ 0 • 

Th*  tt.  arc  ma 

ny  actually  equi val 

orrt  methods  ol  thr 

deter 

m i tm  * 

j or.  of  - n is 

. I i ze/d i me nsi op. . 

Faqe  <■>. 


It  i I • ii  i 1 , t u • x ■>;  i , n . t i.  i r <j  n 4 <i  j • i ■>  • : 0 * i ,t  • 

ce  i ♦ a i i •••  in  ; i >'  • •>:  t * ; i < : :i  -e  1 b c i ox  . . ; a 1 i * • } : t i - 

foron.  • • : ■*  ’i  2 • i : i*  i 4 • ■ i 1 ■ j 1 ■!  * • • - — it • I i u n • , 

corci  • H / ••  it:/  i.-*  ii]  j • ] i v>  * 1'j.i  ♦ : if;  n.  l ~ : ♦ i u<-  * i : 

tie  poiiri  •••••'.  iun  i i rtaii  : u‘t;e  Lor.*  iy  i • t»r»  >*  : v*  . 1 ) ' ■ I «■  • - 

(volume*  ■ L . i't  1 1 . t ) . y at  ! a.  r cji<*  < t i.  < : c i i • . r f.  i 

deter,  mi  n,  i t f ■ • . z i ::cvi. , i on  ot  .>«  , »i  »t  i : or  * < t ■ t i ♦ < •?  r i i i; . 

This  4»i  7.*'/*  im^iision  i .■  kr  *r  jea  uj-or  4 i : ..  i * ’ > i ft  >r  it.  m • r * > 

a n o t i - 1 o i I r o m o n < i t i s - u a i < > t l *- t . 7 tor«-  ♦ i • i ■ 1 1 * >• 

reaiuttT'  r*.i  a r • i < ; r • t a r 4 : - ♦ t ; ii  ♦ t i f ut  inr  • u r v » < >i 

the  s-?lec4*  I rar.ion  .azt/ lin*  r . : ■ ; * !.  > i v*  : t t < v.»  1 u»  i . . 4 s t i id. 

r e s u i t t ■ < ; r i i t v ■ * i t i i i . . o < : . * t i f • . t i • : c m v»  . 
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qeeme  1 1 ; c u t iiy  1 r od  y n i tr  i r chid  r a ct  e r i st  ics  o t t h<*  ;orou  ; m ■ ■ 1 in  m < ■■ 
the  hi  i-.i.  or  distribution  curves.  fio*»*  vor,  the  do  pond-'  ncr-s  oi  t hie 
characteristics  ii  tin-  porous  medium  on  the  parameters  tit 
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Filtration  is  the  mo* ion  of  liquid  in  the  porous  medium  unl<  r 
the  ac*ior  o‘  pressure  liffer<ntial  i. 


rssutt  of  liquid  it  is  assumed  to  1 • 


FCCTNC'IE  *.  As  all  values. 


t.  ho  f.r 


i f!£ 


} t 'll-'  ) 


nr  r 


•*v.  : • a • ♦ t • 1 • ent ary  naciovolun€,  which  surrounds  this  oint 

ct  th-  I i .r-  i 1 ii  ir.  tNDFOf.TKin  ! . 

The  f urvia  p-  -it  t a 1 ch  d ;<i c t et isr.  n ot  r i l * : at  ion  »ot  ion  i * a*  v - ! ;«*i*  v 


vector  < 

t t 

he  i tit  r ! t 

i C,r; 

cf  It 

>if  ter  n in*  i i to  1 lows.  L>-  t 

•l  . : ••]  • ct 

joint  M 

of 

t ; *-  po  r o us 

mc-'i 

iuin  a n 

d 1 r u;  conduct  throng  it 

it  : o ■ 

eletr.r  nt 

/.  . 

ihrouqh  t 

he  c 

nose  ii 

area/site  per  unit  -in  *,  it  . 

/It*. 

the  mas.. 

o t 

liquid  A"; 

. 7 h 

et:  +lie 

nt ejection  ct  the  vector  ot 

it  »i. 

st  an  a u . 

to 

* he  ch  ns' 

r i 

■ ?a/si  t 

is  euuil  1 i in  \S),  whe; 

A S ■ n 

<•  p - the 

d«=  ns i r y 

of 

1 i juid.  ho 

t us 

stir  s 

- t|.»t.  thf  mass  ct  liquid  rs 

i 1 V 1 • 

into  coin 

rl« 

t.e  area  AS 

, but  not 

into  it:  pi  it,  cccupi'  i <m* 

:>o  ; • . . 

Paq«  7. 

The  fundamental  principles  ot  the  theory  cf  filtration  (law  of 
filtration)  establ  ish/insta  11s  eon.trunicat.icn/ccnnection  between  1 1;. 
velocity  vector  ol  til  *■  ration  and  that  pressure  field  which  causes 
filtration  motion.  Some  inf oroiation  about  the  law  of  filtration  can 
te  obtainel,  on  the  strength  of  the  quite  general  ideas. 


Let  i;  sul  [ oun  d t .)•  -'oii*  of  th<*  ten  us  red  i un  ty  c‘-iMin  sma  1 i 
v ic  i r i t y ; ♦ ;.  • ! t ■ ■ 1 1 j : - i < ut^  oi  r , l‘i  r un  i :•  ♦ Li vie  in i*  v 1 * : 

possi  ::  ] ‘ to  con  si  J » : -ont  it  uour  , ot.  1 all  pat  r»c  *-i.  of  ♦ h*-  I'OCcit, 

medium  an.  its  saturatin'!  J icuid  - by  ccn:  * mtt.  ; * 1 s not  no  . si  1 lr 

to  di  sr-g.i  r.i  only  a ange  in  the  pressure , i li**le  i*  not  j t w a:.( 

since  at  constant  along  space  pressure  th°  mot  i cn  cot->!  • 1 v - 

absent  (actually  t h is  iff  irmat  ion  is  the  basic  by  pot  h‘>s  ir.)  . line-  t :.  • 

jtfssun  change  in  t.h»»  vicinity  of  this  point  is  let-*Ln  ined  by 
pressure  j t ad  i ent  , the  basic  assumption  during  the  - >tu:>li  m • t o: 
the  form  if  t no  law  of  filtration  lies'  in  the  last  that  v<  lcoi-y 

vector  or  filtration  t * the  particular  point  cf  *he  porous  , un  i. 

detettr.it  o : uy  the  properties  of  +ue  liquid  and  porous  me  ii  tn  and  !v 

pressure  ; r a iier.t  grad  p.  Porous  n iium  is  characterized  r v t 'cm--tric 

para  met  r i..  - by  the  significant  lime  ns  ion  i ana  by  some  dimensionless 
character  i s*  ic.  : porosity  n , 1 y the  iimens  ion less  paran  ‘.•♦ox  of  * 1 
curve  of  1 ist r i but i on , etc-  The  law  cf  til ‘ration  must  be  t he 
consf  ijucnci  of  the  epiatiorr  of  the  moment  uiu  ot  liniil  in  fort  space; 
theretCK  into  the  system  of  the  determining  values,  one  should 
inclu de/connect  also  those  cha racter ist icr  cf  liquids,  whict  en*er  in 
these  ‘quad  ions,  t . >».  , density  [ and  d uct i 1 it  y/toug  hness/v  iscosi  t y m- 
Thus,  it  ir,  assumed  that  t|.<ut  is  a dependence  of  pressure  gradient 
grad  p on  the  velocity  vector  ot  t ne  filtration  ot  the  aaaa  oi  the 
dimensional  characteristics  cr  the  porous  medium  m,  d etc,  and  the 
characteristics  of  liquid  p and  p.  Among  the.  values  on  which  defends 
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Hence  i*  follows  that  vector  q 1 a d i can  be  directed  only  in  the 
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uhete  o is  c'--i ♦ ain  scalar  quantity,  which  depends  on  -hi 
nodule/modulus  o;  velocity  vector  u,  ard  also  values  i,  i,  p,  p. 

Let  us  examine  first  such  tilt  ration  wet  ions  lor  which  ar< 
unessential  the  tor cr  of  inertia.  To  th<  number  of  similar 
inertia-free  motions,  belongs,  on  the  strength  cf  t he  i I ex  t rone* 
slcvnoM,  the  majority  of  the  filtration  motions,  which  a r ■■ 
encountered  in  practice  l. 

FCCTNClf  1 . So,  i u r in  g the  development  cf  the  fitrolium  deposits  of 
the  rate  ot  filtration  in  basic  part  of  tie  layer  they  compose  value 
cf  approximately  0.005  cm/s  arid  leai;.  FNDFCCTNCTE. 

In  this  case  the  density  p,  which  characterizes  the  inertia 
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Inti  1 : m,  l - is  i ss timed  that  porous  med  ius  was  isoti  >p  ic • 
the  porous  me.t  ium  ic  not  isotropic,  then  of  *•  h < comaon/gen -*L  al /tot  al 
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consider.)  t ions  i*  i ::  possible  to  a : •;  u t ttur.  it:  th*-*  irbitr ary 

Cl  t h()  JCtlri  1 i L t tKUci  II  . ; y t. » • m o 1 t h«?  COO  t d i II  d tft  S Cf  ■rt  • 1 :■  x * til 

componcn*  ■ jr  viewer  ;rai  [ a r » o *r.t  css  •*  1 .is  the  compon  ?nts  oi 
rt  i ii  v«  otor  of  j?  a.;  t^l  lew:  >: 


<>n 


(1.2.7) 


where  the  0;  are  certain  tensor. 

FCCTNOTh  *.  Here  ini  throughout  we  will  assume  to  le  summation 
all  values  of  the  hein  j repeated  Greek  indices,  so  thr,*  , tor  j 
'■»»«.  means  Oi"t  < r NDFOGTNOTE . 


In  the  case  or  inertia-free  motions,  the  components  of  * ae  t0n 
Cjj  can  depend  only  on  ti^  d uct  il  i t y/t  cu  j hnoss/  v iscos  i t v of  1 

p,  of  those  or  other  dimensional  characteristics  of  the  porous 
and  mcdiil*  /modulus  ct  the  velocity  vector  of  the  filtration  of 
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Inalogous  with  the  let  i va t i 01  >1  formula  (1.2.7)  it  i , 

to  show  t n.lt  tin-  r,i  |I  r,f,  w h.  I • • the  t . !•..(.!  >!  f.j  i»j  Ml  i • or.  1 

t he  1 i n ■•!..;  i c !ia  1 o *i a r *.  ■ t pt  i s t i o:  o 5 t he  porous  bp  1 i >i m r n i i oil 

the  t pi  sor  of  ;|ori  fir  filtiata.cn  sstanct;  t 1 * •otpon  *r  * . > t 

tensor  oi  r-  ' nav*  a 1 a b-»i.s  iorali  ty  of  r-  v t s«  /in ver  s a r - • . 

Expressing  , on  t. h >n  t r a r y , t h i component!  > t velocity  v -*  n 
t h rougl  1 1 mponent!  >f  r h<  v>  n cr  of  pr<  ssu i . gradient,  hp 


"i 


/■i,  jfp_ 

dx,  ' 


( I -2-K) 


v her  < the  t • s »or  o : $(•  * it  i : rev  rse/invers<  to  the  t • •.  > > 

#*,*,*  i Iso  it  iepend  inly  cn  the  i inter  j nal  c haracterist  ics 
porous  TPiiutt,  it  h j.,  t J men/,  iona  lit  v cr  i tea  an  J is  call  eti  ♦ » 
tensor  oh  [ rm  ->abi  1 it  y . Inis  dependence  is  the  law  of  larcv.,  f c 
ar.isotr  tic  porous  medium. 


Lf't  u.i  show  tiOw  that  th<  tensor  of 


the  ter.  sor  of  the  per  me  j bil  it  y 
'il  'it t • *«•  in  fact,  to  the 
filtering  liquid  acts  t h«  vrlun 


ot  f,y 
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c force 


the  resistance 
are  symmetrical, 
medium  from  the 
proportional  to 
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2.0) 

. 1*  is  obvious  that  the  specific  wci.<  >f  the  fore-. 3 or  - h& 

interaction  ot  1 1 , m i with  the  porous  otedi  ub  » ust.  not  depe  :.■*  in  ‘ 
se  le-ct  ior  cr  the  ax-s  ot  ccccdi  nat  es  x,  , x ?,  x,.  But  in  or  i : t 
the  quaiiiar  it  form  of  proportional  to  ^ h i -e  specif  ic  4 •:>  c K , 

does  net  Impend  on  ♦],•>  selection  of  the  ccctd  i rat  ■»  syst.-.n , nec<  ssny 
and  sufficiently,  in  order  to  Analogously  it  is  i os.  it].  »o 

shew  that  a,v 


It.  appendices  the  special  roll  plays  the  anisotropy  or  tie 
natural  porous  media,  connected  with  sludging.  In  this  case  of 
per  meal  i 1 i t y along  layers,  they  have  ore  value,  while  in 
perpendicular  direction  - another,  usually  considerably  less. 
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11  ^ i!  ■ • Cca  f>u\  1 ■’  A'.j  — A'j.  A'ja  — A'Ji  — fr[j— 0,  (I.2-I0) 


cy'ii  law  ir  thp  s*  ii  ct?d  coordinate  system  is 

tten  on  the  strength  ol  r e la  t ions  hi  p /r  a t i os  (3.2.10)  a; 


»i 


fr_  >*/<  , /,  a/> 

M * l<J  7 rtx;  • "3  = 


fro  <*P 
I*  <>■< a ' 


(I .3!. II) 


end  section 
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§ 1*  Ct • pen donee  of  thr  parameters  of  the  liquid  a rd  porous  medium  on 

[restore. 


Si  no  motion 


pressure  1 i f f <-i  ent  i il, 
problems  of  filtration 
equations  for  pressure 


of  liquici  in  the  porous  medium  is  caused  tire 
the  final  formulation  of  the  majority  of  the 
theory  entails  the  com  posit  ion  of  differential 
distribution  and  in  the  establishment  of  the 


rrc  - 7*-0 1 > f,0 

cci  r*  ; i on  ; in  <;  i ii  1 1 . t ) , ii  hours  uar  y condit  icns.  r n t h d ur  in<j  T 

conposit ior  cr  these  <-')  ua  - i one  ar.d  during  their  solution  i * is 
necessary  to  know,  as  ■!«:*-  r..i  on  j r*-.;sur-3  t h • : cImt  irr>--r  i :*■  1 cs  of  ♦ h* 
porous  t.  <i  i >r  it  a ni  :*-  ;<i  t ura  t i r q liquid. 


^ Ai;  r 


W 


*7 


1.  !.*-*♦  us  ex-i  mii.c3  tirst  oi  -ill  rhe  etftct  c.f  pressure  or:  -h< 
properties  ^>t  1 i j u i i - liens  it  y p arid  <i  uct  i 1 it  y/touqhness/viscosi  * v p . 


For  1 1 ue  1 i j u i In  - the  water  u.d  petroleum  - der.si  ty  ch-inq*  n** 
usually  •.  it  a 1 1 . Th^  beinq  or  coin.  t-*r  • .1  ir  filtration  notions  i r.i:;iii  i 
differentials  (dozer  kjf/cm2)  er°  very  rm,  1 1 ii  comparison  wi*l 
l u 1 k med  a 1 : of  t ^ r t true  liquid?  ( c • 10  3-  2*  1 0 * k q i /c  m* ) . 
Therefor  e for  a p:>l  icat  icn/a  p per  dices  it  sufrices  ♦ o b-3  restrictor!  t-0 
linear  dependence 


f>'p)  = fu  ^1 4-  Ph  P(>  ) • 


(17.1) 


. It  follows, 

coiprcs-sii.  i lit  y of 


however,  to  kee[  in  mind  that  althouqh  the 
true  liouidt  is  small,  it  plays  t.h->  considerable 


T 


- c-7- • 


roc 


7*i  U/  i n60 


P HO  F 


roll1  wh*  !'  o in pressi  vo  .i  i ; * ut  t an  cor-  sei7<  v i regions  (hor< 
sufcst  ar.t  i.a  1 ly  t ho  fart  that  ‘it  petroleum  1'pc- if ..  usual  1 y boi  ier  o: 
s 1 1 1 1 a i .it"i  , total  volume  ol  wind;  ii  ccii  s i ] r i a b ly  j r • t * i * h nr  *!• 
vo  lu  b * * : oil  i i 1 e po  s i t ; as  a result  of  this,  t h < expansior  > : water 
during  a <j  r-co»j-t2wsion  can  complet  ely  ccinrnsatf  i or  t ho  <,x*ric*-d 
volume  or  i 1 ) - Tne  impendence  of  the  visccsi ty  of  tmo  lieuiis  or- 
pre  si»u; . during  pressure  c 1-  a nu  < ir  th«  same  li  n its  can  ho  usually 

disregarded  i . 


FCCTNCTF 

1 . The  ar  ol 

‘said  is  net 

r c la  t c 

d to  oil. 

which  is  locat.  • d ir 

contact  v 

i t h natural 

jas.  In  this 

: case 

during  a p 

rossur  ■ i ncr<'  as*  , 

i n c r e a s * . . 

t he  a irouri  t 

of  dissolved 

in  o i 

1 jas,  and 

its  v isc o:; i*  y 

n otic  early  falls.  ENDFOCTN’OTF. 

The  filtration  flows  ct  qas  are  char actor i zed  by  the  fact  that 
during  their  investigation,  on  one  hind,  almost  always  it  is  possil  1-* 
to  disregard  temperature  changes,  hy  considering  thorn  small,  md  v,  i *- h 
anctl.ci,  fact  that  ir.  view  ct  the  large  absolute  values  of  pressure 
and  jump/tlrops  to  consider  gas  ideal  possible  crly  with  largo 
tension.  The  r put  ion  ot  s*-ate  of  gas  usually  they  record/ wr  it  e in 
the  form: 


■4 


ECC 


7f.  >),’  1 


^ m;  “ 


z 'r.  /')  nr  ' 


2) 


. The  •jdv.intaqt's  of  tt  it'-  notation  ar*'  conncctPii  with  the  fact 

that  for  function  x (i  , T)  , called  the  coefficient  of 

su  per  com  pr  e.ssibil  i t y , ire  ccmf  i ised  the  tables  an  1 the  cur  vr-/  j ra  r h s, 
which  cov-i  a .set  i-j  of  the  pi  coed ura  1 1 y important  cases,  and  -tore 
are  simple  methods  of  its  a ppi oximaticn  calculus  for  aas  mixtut- 

[27]. 
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u . ih  1 1 v tin  ■ or. .i  i 1 < ; ■ ■ 1 rin  sm  n * 


Thr  t e ni { r-itute  in  mi  : • juatior 
and  con..:.-:  i i i.-.  j u-inn-tor.  Deviation  z f ten  urMy  (jas  f ro  a 
ideality)  i.i  mor-  coi.  ,i  i^ui  1.  toi  heavier  hydrocarbon  -lasrs. 

Ace:  r i i r.  i r ( . i 1 • j-n'-iry  k i : - t i c * heorv  -if  v i y 

cf  yas  Kiuc  ♦ .or  d-’ per:  i cn  { i.-sr-ur*  . rhis  iffirmation  il  :o  not  i 

applicable  - > t he  corn!  i t i cn  t , c i.  ai  ic*  * ■ i is*  ic  f cr  i g i : lay  . r . A * t 1 • ■ 

fixed  tone  - i tur  t h-  viscosity  of  ms  it  can  change  by  dozen;- 
percent  iurin  j a chan  ) •*.  in  tn<-  pressure  on  dozers  1 1 mosphe  res. 

2.  L-t  us  f xinii  now  question  of  how  -ieuenl  or  t»r-*SF  ui  •.*  of 

liquid  t i..-  properties  of  the  porous  median  - its  porosity  m and 
per  mea  1 1 1 i t y k.  Both  those  values  characterize  the  structure  oi  poi  - 
space,  and  t.heir  change  in  <iny  point  it  is  determined  by  t It  pressure 
cf  1 iqui  t and  by  stress  tensor,  which  act  in  the  skeleton  of  t he 
porous  medium.  In  this  case , it  should  be  noted  that  in  experiments 
is  determined  their  dependence  not  on  the  actual  stresses,  which  jc* 
in  skeleton,  but.  on  certain  of  theiL  part  which  we  will  na  mo 
fictitious  stresses.  For  the  explanation  of  this  fact,  let  ur> 
disasst  mb  1 « the  t-ollowirg  e.lemrntary  diagram  oi  experiment.  Lot  (Fig. 
I. 3a)  in  cylindrical  container  with  cress-sec t icnal  area,  equal  to 
unity,  is  he  located  certain  volume  of  the  porous  medium,  in  which  is 


~T:»  - • ' • * 


D<  t' 


7 ». o ;>i  pt,o 


p v,.  r 


^5-a- 

contaip*  ! t h*  liquid  u nd«r  pressure  p.  On  t no  far*-  si«le  of  ♦ hi; 
volun  , ii  *'/t  >::i  t.-»  t ho  i r pe not  t ahl<  pistcn,  through  another  sl  I of 
which  i.;  located  the  liquid  under  M.at  p rer  rurc  p.  On  the  «t  renn*  h c; 
the  a new  t ( r ir.ci,.i“  if  nydrcsr  atic*  - the  principle  of  con  soli  i-fio: 

- this  3y.  i s four.:  in  *•  , ir  1 ibi  i u n !.tate.  Fer  th‘-  hxnla  nation  or 

the  <*  ey  onder.ee  of  poro;ity  or  load , lfr*  uj  id.1  to  piston  i ncreafrd 
load  q.  I.*  t us  coo  put  • the  com  [ re?  rive  retail  stress,  which  acts  it 
the  section  of  the  volum-  of  Of.  porous  m*  Hum  Ly  uline,  ♦ o uarall-  1 
piston;  for  this  lut  u , compose  the  euuat.icn  ol  the  equilibrium  of 
part,  ct  th<  volume  in  luestion,  limited  by  piston  ari  plane  of 
cross-sect  ior.  (Fi  j.  1 - It.)  - L isi>  ga  rd  i n<;  fricticral  forces  aga inst  1 1.-> 
walls  cl  the  accomodating  container  at  d the  'lead  weight  of  t h-  :n*  d in: 
and  liquid,  we  obtain 

c mp=q  p\  a = q -f-  p (1  — m),  (I..'5.3) 

where  o - tv,e  actual  stress,  which  acts  in  the  porous  medium  (taking 
into  account  the  unit  of  area  of  common/general/total  section)  ar.d, 
cbviously,  not  ejual  to  the  applied  load  q. 


■4 


IK'C  h ).  1 H.n) 


A cl.  i : . > • *►  'i'  ■ . * ii  ; i • . ii  i • i : t- 1 !t.nc(  with  «-  h«  fix'*;  l f ••» 

as  i . 1 1 r t 1 , . ti.il,  i . ret,  i ii>'  i fill  separately  (this  char.  !■ 

is  ( - i . * r. * i • > , : > . x : t 1 i ♦ ■,  of  t h >•  it. it  -rial  of  *■  h grain:  , 

coi.:;*  i*  - . * . • : > - • i i u r.  which  i • small  remparat  i v >1  y with  *h- 

co  ;i  | l ; ; : i ; t y . » : * : i . .» * <1  i u n a . i * ho  1 «- , >inoe  a cr.anq*  i r. 

the  :;t  1 1 y -rat  i : : t nr.  .<-<•>  trs  c r t he  icro  f i j h t putu  rj  o: 

qiai:.  « : >:.  ly  in  v ; y i a 1 1 r < a:  si  ■?  - because  or  t-hoii  coup: 

ii  w-*  :.o*  a : all  con^;  1 i ♦ hr.  rc;n  press  i Li  1 i *y  of  the  mt-.-rial  or  • 

'i  r . i • • :f  ’ t nt  t • *■  . . rarrn  *r , 1 i n !.,  . t i < r r<  t tv  + ) + 1 + •;  .•»  4 1 Y • 1 
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1 he  value  of  ^ A w will  subsequently  call  the  fictitious 
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!'.«•  x a pot  t.  an  t spec  i 1 1 feature/!  eeul  iu  t ity  r f t h<?  noro  us  mediu  •% 
noted  ai  dv  , ■ iddi  1 t he  fact  that  charges  in  tie  occup -i«d  with  i* 
voluio  cur  jrcii  i durin  i very  small  char  ]e.c  in  t ho  i r own  volume  of 
solid  sn*  1-ton,  a i a os*  exclusively  beca'is®  cr  its  rearr  on  q.-m^n  t . >■; 

t ho  simple  't  mod«?l  >:  a similar  system  can  sa  r vt-  t ho  spring,  i mm.-r  s. 
in  hi  »cr  ( 1 i ; . 1.4  ) . In*  volume  oi  the  cylindrical  holy,  1 i m i *-  c d 1 y 
spring,  vittudily  ic^s  not  change  lurirg  a change  in  tin  [ir-nisur-1  of 
liquid  and  ran  stronjly  change,  il  «•»  apply  along  on  1/1.  id.  onto.  - ' 
forces.  In  formula  for  the  calculation  cf  spririq  compression,  on- 
should  substitute  the  value  ct  actual  stresses  minus  of  to  rm , e iu;.e  * 
fcy  the  pressure  of  liquid. 

Analogous  considerations  are  used  in  the  mere  i-uieral  cases. 
Thus,  tie  experiment,  placed  under  eonditiens  cf  arbitrary  loading, 
will  jive  to  us  tnc  dependence  of  porosity  not  c.n  Mp  tensor  of  th* 
actual  stresses,  which  act  in  the  skeleton  cf  the  porous  ;n « ' 1 1 i it  , but 
from  the  tensor  of  fictitious  stresses.  In  view  of  * he  fact  that 
during  action  on  porous  medium  one  of  hydrostatic  pressure  shearing 
stresses  in  the  porous  medium  do  net.  appear,  the  tangential 
components  of  the  tensor  ct  actual  stresses  and  tensor  of  fictitious 
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stresses  i >inci  1-;,  : 'it  normal  coir-por.en  t s <1 1 £ f r?  r b y valu*  p (1  - -), 

h a vc 


«!/  /'(I  w)^/  (/,/  = 1,2,3...),  (1.3.5) 


where  an  o(>  - t hn  components:  ot  the  tenser  ct  fictitious  stress 

0*  - the  componento  of  the  tensor  of  actual  stresses;  *he  ^//  — 1 

with  cl  } — i,  Hit  ^ 0 with  i ^ j. 

"ill-  values  sculdr,  porosity  and  per  roea  t i li  t y car.  de  tend  or  1 y 
cn  t h i variants  c.  f the  tensor  ot  fictitious  stresses. 
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third  invariants  of  the  tensor 


],  tneir  dependence  on  th»  second  and 
of  fictitious  stresses  they  disieqard 


»,  whence 


coc  - 7t.  -v  i 8n o 


m (H,  />);  a-  — /i(H,  /,);  I-I 


"n "k 


(!.«.«) 


where  th«>  a' . o',,  o',  ire  the  main  normal  fictitious  stresses,  ini 
w are  the  average  stress. 


FCCTTOih  >.  The  possibility  of  this  neglect  is  connected  with  » L>- 
tact  that  in  ictuality  the  porosity,  permeaLility  e*c.  depend  on  t h. . 
ratios  of  stresses  to  tc  certain  ccnstart  fcr  the  modium  values  of 
the  tyte  of  the  coefficients  of  compressibility  wnicn  it  is  not  less 
than  uy  an  order  more  than  stresses.  Therefore  neglect  the  second  an  1 
thiird  invariants  means  in  reality  neglect  quadratic  and  cubic  ♦•■■rms, 
i.e.,  linearization.  ENTFCCTNOIE. 


The  value  of  H can  be  connected  with  pressure  p,  if  we 


•S. 
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exami  n<  th«  : t r» ?«-i  s it,  1 i y * r . L < t :<  t e a <1  e 1 t h of  t I e 

occur  rt  nco  of  layer,  h - it:-  [rm  i,  and  p0  is  the  iveraj  • density  c-i 
minerals.  Usually  * h*»  oil  strata  a t r ir.  ge/ loc  i t ed  or.  cor  sid  c : a b 1 
depth  ui,-.'!i  tcpoyraphic  r=ui  tact  aril  tl.*ir  [cwei  is  small  i r. 
comparison  with  th»  depth  ct  occur  rmot,  i.e.  I <<  II.  In  thir.  cc;. 
it  ir  t croiiilt  to  connect  a rt  di  ,*•  in  t hr  value  cf  aaaa  with  a cr.ir.y- 
in  pressur.  i . 1 1.  fact,  the  1 y i nj/h  cr  i z c n t a 1 ateve  t h“  lay  < r mir  lal. 
are  s u { j o r ♦ .-*<1  hv  t h < .;kol'>t  or  of  1 iv->i  ind  cy  the  which  satur.it  . 
layer  liquid,  .'.a  *r  i*  * h»  w<=i<  It  of  the  su  p er  i ncumben  t minerals-  i 
talanced  r y the  s y s r . m ct  the  stresses  in  the  | ernu^  me  iium  and  f y 
hydrodynamic  pressure-,  liquid.  Constituting  layer  system  1 i quid  - th- 
porour  j.-.j  i tin  car  1 • visualized  a:  certain  >1q  formed  system,  shear  iroj 

stresses  ir  wfiich  coincide  with  shearing  stresses  in  th  * porous 
medium,  nr. a normal  stresses  ar  f equal  tc  *ht  surr  cr  the  true  normal 
stresses,  which  act  in  the  porous  median,  and  the  fractions  normal 
obviously,  to  the  product  of  porosity  and  the  pressure  of  liquid).  Wo 
have,  thu;.,  expression  for  the  component  cf  the  sum  voltage  or  n,,: 


!■ mpfi,,  tt!,  + (l  — rn)p5,(4  -aiz  + pA,,.  (T.3.7) 
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Mu  G- vector  of  t ho  force  ilonq 
c t t h o equilibrium  of  s y .3 1 - m 
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. By  consider 

i nq 

liquid 

r-  1 iu  h + 1 y 

compressible. 

it 

is  possible  to 

Place  in  the  equat 

: cn 

(1.3. 8) 

of  t .ie 

f>  — a,,,  where 

of 

the  nm  - the 

constant  original  value  of  the  total  density. 
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Thus,  the  total  a jmt.ion  of  *he  equilibrium 
porous  m-jd  i ui,  finally  is  record/writttn  in 


0 t 

system 

t he 

tor  m : 

lijuiij, 


t he 


QOj. 

Ox. 


+ 0 


(1.3.9) 


and,  i.  i ■ evident,  this  equation  <!o<js  not  uiperd  on  tKi<'.  Lot  os 
chow  new  *;  it  oni  31111:  voltage.  on  roofing  and  1 c**oj  ot  la  yer  (i.-  . 
cn  uj(*r  it  i lower  limiting  layer  sari  aces)  it  is  possii  l-»  with  a 
high  .if  ji  -•*  ot  accuracy  *0  consi!<*r  constants.  Physically  * ha 
explanation  ot  thi  f ict  is  rpiiuced  to  the  following:  the  elastic 
displ  u itppt,  cdus*"!  y j chanqt  in  t h t pressure  of  the  1 1 juil, 

Sdtut  j*  ; ■ j - h • t ocK/.ipoc  ies  01  layer,  f ropert icra  1,  obviously,  +0 
thicn  1.  1 1 y*  1 , it  j.-  listi  ioute-i  to  entire  enormou  ; t hick  n-ss  il 

ot  t 1 ■ i . :c u,j i * •! t ci  ty  of  minerals,  sc  that  the  corresponding 
1 »•  1 a t 1 v *;  in  . 1 !.  ♦ 1.  array  are  small  and,  therefore,  lew  t he 

a(  1 1 r 1 a .*  “coniaiy  stresses,  in  particular  secondary  stresses 

cr  1 ; ‘ 1 1 , 1’  1 th-  hot  tern  et  layer. 

L»  t i explain  this  in  somtwhat  mere  detail.  Let  us  assume  tha’ 
the  [i*  . : nr-  ot  the  liquid,  which  saturates  layer,  changed  in 


comparison  witn  the  initial  t orauo/momc nt  on  value  *>p.  Let  us 
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n * h e 
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m>  l i 1 1 ki  « i t n i j;  1 iv-'t  would  chans  > 1 1 

so  on 
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value  cl  oil 
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T h o 

corresponding  relative  strain  it  la 

v e r 

compose  : • . 

V 
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CI  0 

r d e | /st /v  , where  R is  certain  of  foe 

t 1 V. 

You  nq  * . ii.o  .lil 

sys 

-•-ii  , 

and  thr  coatril  * c vertical  displace 

;ni  n - 
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point  , i o:  o 
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IT  pi  e 
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rooting  of  layer,  the  value  of  otic 

r v - 

h 6 P/i  , w he : 

h 

is  a 

r r,  i 

ckness  oi  la  y<  i . Let  us  not<  n >*  th 

. i 

f t o I 

fart  eni  n j * a 

poi  n r 

s o t 

floatir  t rurface,  i.e.,  il  mr  ensurin! 

on 

float  it.  t su t 

t d< 

i-e  eg 

u i i i 

ty  t ( z*  ro  ot  » last  ic  i isplacemont. 

a nd 

h a v l 

also  L«  pi  1 .i ce 

i\ 

in  all  pc 

inrs  or  layer  *[  Ly  bpH., KC.  we  can 

only 

inert  ar  e 1 1 

a 

ppea  r 

i n i 

secondary  stresses.  Thus,  it  on  the 

1 1 o a 

♦ m-j 

surface  of  the  super  i t.cumbe  nt  arriy  iisplacemert  equal  to  zero,  and 
af  dept  h ii  i*  has  a v 1 i<  ct  tie  order  cf  r Make  thr  , 

obviously,  -corr  espond  i n i : * re?  of  oM„Kc  has  a value  of  t.  h<=  order  or 

"v-.kc  - *’m„cA;///.  The  n*  in  ot  tmr  secondary  stress  t0  ic*  i n | a* 

depth  H t -j  the  vertical  com  ( re  ssio  n stress  >,  which  is  of  the  order 

P0qli  (P0  " hn c avord'j'  density  ot  minerals  is  the  value, 

approximately  equal  *■  o ?.  r>  y/cn  3)  , is  equal  »y  order  of  value 


4 


L(.C 
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jV’mt.e  _/i 

'Sir'll  ■ (T.3.J0) 


FCCTN  JTk  1 . if  la  v i i •.  inclined,  ♦•hen  inrtt  i I cl  the  v or  t i ca  1 nor  t>a  1 
stress  o;.<  shou  1 1 ‘ ak*  the  stress,  perpendicular  to  r he  lii  eerier.  ♦*! 
the  sti  dt  r f ic  it  ion  which  usually  has  the  suite  cider.  KSD^oers.)  TV. 


7h.  value  of  usually  dees  nc*  i or  .-tw  * v 

tenth;  value  h/H  is  vu nishi rql y snail,  so  that  a chunq*  in  Mi,  tt. 
in  all  s.upetincunhent.  arrays,  in  particular,  on  its  bound  i i i»*  . i 
stall  in  cm,  par  iso  n with  the  initial  stress. 


Facje  It  . 


Thf.tr  lot  e : * is  [hi.ssi  i 1(  t c < or  : id  e r ♦ 1 a t during  i ch  a r je  of  t ;to 

ftessuio  of  lijiui  i n liycr  t h*  ; t n -.srs,  which  oct  on  roo  f i nq  in: 

1 ctt  oip  of  I-i  y.  t , l -■  r u n ret  . t ai  t ... 

Tit  ; : nr-  uing/p  viciu  r*  a or.  1 1.  q i £ jutotant  i.i  lly  based  or.  wh.it 

Yeung  *f.  mod  ul  «rf  tho  '/items  I i q u i i - ♦ hr  notour  medium  F t he 

niodu  1 a/n  cd  u 1 us  of  t t • superincumbent  array  ct  minerals  Fj  lav 
identical  c t u • >r  of  magnitude  (which  usually  occurs  in  icMi  1 1 i*  y)  . If 
these  Ycm  >. ' i modulus  ..rronglv  oitterre  bet  wee  i * he  » »el  »rs,  fneii  ♦ M 
expression  (1.3.10)  would  certain  cofactot  Ei/F  and  with  F,  >>  F *1  * 
rclat  ict.  ol  . tress t-r,  could  ar.d  not  In  small.  Physically  'his  ra«  ins 
that  it.  the  cas*  win.  the  s up  * r i nc  urn h i r.  t thickness  is  a ecu  null*,  u 
licin  vr  i y i i (id  rock/.'ipn  ics,  t hey  (in  he  termed  the  a i ch/:  u mm  a i : or , 
and  duiir.u  i change  in  the  pressure  cf  liquid  stresses  on  roofing  ar  i 
tot  ton  of  layer  will  1 r changed. 

II  we  now  disregard  the  effect  of  such  boundaries  of  the  region 
ct  filtration  =*s  walls  ot  holes  (these  tounaaries  hav<>  comparatively 
vet)  small  extent;  their  effect  will  be  ertimat*-!  below),  Men  nt  the 
independence  from  tins  cf  the  equations  cf  the  equilibrium  of  system 
liquid  - the  porous  medium  (1.3.9)  and  stresses  on  roofing  and  lot  torn 
ct  laytt  follows  the  important  cor.  c lus  i cn/der  i v at  ion  about  the 
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i ruloj  » i .1  > ni'i'  vji  t.:i(  tot.il  st  i r,  r y f t f m liquid 

foroiif  m-  1 iuir  ftoai  time,  sc  tint 


foil 
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(mi) 


. coagulating  equations  (1.3.11)  (i.e.  set/ass'isitm  i 

3 and  summarizing  the  ntinq  oltained  equations),  we  have 


at 


* / t t f 

1 7 (CTn  ~f'n2a 


3p)  = 0, 


nhoncp  it  escape/ansues  important  relationship/ratio 

T--T-  <1-3.12) 


a(e+p)  _ n «e  _ <*/> 


Lt  t us  examine  t.  he  balance  ot  the  nass  ot  liquid  in  the 
arbitrary  element  cf  volume1  ot  the  porous  medium  of  V,  limitel  by 
surface  ot  S.  For  i nf i n i t os i ma  1 time  dt#  the  inflow  of  liquid  inside 
C€  1 1/  ( lea**  pt  is  equal  according  to  the  determination  of  ra  H-  of 

filtrati cn 
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ill  f pu„do 


■ ill  f (i  ( n n)  da 


(II. 1.1) 


(n  - the  unit  vector  or  stai/idri;  as  the  positive  direction  ot 
standard  is  accepted  the  direct ioi  of  external  normal  to  the  surface; 
1/  ir<  iiotntal  to  th-  surface  a velocity  ccmpcnent  of  filtration). 

An  increa.ot  in  the  mass  of  liquid  withir  tl.iu  cel  1/elomcnt  is  <-..jua  1 

to 


[ f mpdv \ ill  — I [ tin}  dt.  (II.  1.2) 
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. F.uuatinj  expressions  (11. 

formula  of  tne  transformation  ct 


1.1)  and 
surface 
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l nt. o volumetric 
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whence  on  the  strength  cf  the  arbitrariness  of  cell/elemen t of 
esca pe/eriK ues  the  equation  cf  continuity 
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§ 2.  F 1 i:;t  i <•  mode/ coni  i t ic  r;'  cl  liltca+ion. 

1.  T to  t u i t - • simpl*  tnd  ucio  .studied  case  ct  unsteady  tiHiaUon 
is  the  filtration  ot  si  i • j h t ly-comrressible  liquid  in  e last  i c-d  efor  med 
layer  ( i r technical  a n 1 ica  t.  ion/a  ppm  d ices  these  problems  were*  called 
the  rid  me  tie  problems  of  the  clastic  mcde/cond  i tions  of  filtration). 
As  the  basis  of  in  vest  iqat  i ci. , (.laces  the  system  of  equations  of  t te- 
la w of  tiltratiori  and  equation  of  the  continuity: 

dmn  , * /. 

— - «ivom  0;  — —gradp.  (H.2.J) 


. In  order  to  obtain  closed  system  of  equations,  it  is  necessary 

to  use  the  tact  that  the  property  of  liquid  (density  p and  viscosity 
b)  , just  as  the  porosity  ard  the  f ermeatil^ity  of  the  porous  medium, 
arc  the  functions  ot  pressure  (we  assume  to  be  motion  isothermal). 
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Or;  M-  . - 1 <■-['.  J T J :jf  (I.d.  12)  we  lidVf 


<’i.  •*<*  d p dm  dm  OH  Om  Op  / dm  dm  \ Op 

i t <*p  ot  * or  oh  or  ‘ r//>  ^ V F oh  J UT ' * * 


. on  the  i.a-.i  ot  assumption  about  the  weak  compress i l i lit  y ol 

the  liquid  i ml  porous  mod  ium,  it  i s possible  tc  consider  relative 
changes  ox  values  p ar.  i - small  and  "he  coefficients  of  p / t in  t ho 
p i e cod i n ;/ r i < v i o is  formulas  fy  constants: 
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d>'  A?  ’ dl>  H m ’ Op  )l,jA’K  (I'—-) 


Fx  per  i me  nt  a 1 data  shew  thdt  in  the  real  cases 
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. .cm;  tituf  lr.  \ * n •*  :,GCCr,u  junior  (11.2.1)  ♦ n-  : i r . • t ami 

convert  1:  j the  lunnr  obtained  t.  la  ticnsliip/i.i  t ic  tiki  ng  into  i ccmir 
(11-2.2),  w-  fir.  i,  1 i regard  in  > low  v.hjp:,, 
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- 1 1 A ;j  is  -i  chaL  acter  ist  i<  change  in  (.tc!  .oire,  ml  I.  - 

refer  cm  length,  th  i th«  first  term  in  hr  ac  ket  ha  , >bv  Lously , u 
crder  A [./  L ? , .mil  tic'  ..••cond  (Af)*/I.*K.  Henct  it  follow  rh.it  * c 
second  to.  tc;  in  the  taken  a p [ roaeh/a p pr o x ima t i c n a 1 •<)  ,»  . foul  i 

disre  gar  a 1 . 


FCCTNOTK  >.  Comp,  with  note  on  page  1 4 about  pcs;  i hi  1 it  y to  dist-qat  1 
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tht  ilep  i dene'  o!  i u > i * y -» n<i  f.oi  K«--si-i  lit-  y on  t 1 • > >r.  i ri  r.  i ♦ • ipi 

i rvrii  loii*.  >f  : t;  r-Mi:  oi.  i-  i.  j-  f ( -J f ' 7 t. 
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wherf  a cot- f t ic  i-.' a * 
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is  cdlit/o  tb<  coofficidat  o t piezocond  ucfr  i vit  y . 
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iyuaticn  (11.2.))  usually  ir  rall^.l  the  pnudt  icn  of  elastic 
■ode/conditions  >i  , £oi  V.  *'.  Shchelkacheva  *s  proposition,  by  th« 
eg  ta  ♦ icr.  of  i i fzocoii  a ao  1 1 v 1 1 y . r t coinciijf*£  with  the  well  known 
classical  • : nation  of  * h«  r irul  conduct  ti  vit  v. 


He  r ci  xulati  on  of  -ho  ^roblrro  of  the  elastic  mode/cor.d  it  iens  ot 
layer  w<i.  given  and  the  works  of  Thciss  [ lhO],  Jacob  [ 1 t'J  1 aril 
independently  by  v.  M.  Shchel kache v ['123]. 


2.  „ct  us  ex  a mill-  the  tor mulat icn  of  the  basic  problems  ot  the 
theory  of  elastic  mede/condi tiers.  Let  us  determine  the  distribution 
ct  pressure  p in  certain  closed  domain  cf  space  D m the 
exten t/elon jation  ot  time  interval  0 ^ t ^ T.  From  the  theory  ot 
the  equation  of  thermal  conduct  iv  it  y,  it  ir  known  -hat  if  we  assign 
cn  boundary  y or  domain  D -he  linear  combination  of  pressure  ui  it., 
derivative  along  the  noLmal  to  boundary  of  the  region 
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f(r,  y,  z,  l ) 
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and  to  ' i : ♦ h.»  i m r i i 1 1 i : • i : r i:  * i m<  ct  : r .*  •; ; n:  • in  i ot  i m ' 


I>(X,  <r(s, !/,:). 


that  th-  Li.-  i:  listr  ion  t.  ion  c£  I ret.  MU-  p (x,  y,  z,  t),  ini  t si  i. 
only,  t i a *■  . :tisf  i in  j'lat.iri  ( 1 1 . 2 . 1)  , co  n t i n u i i r.  closed 
domain  ’ , incluai  pq  bo  u>  id  i:y , ar-3  . i ♦ i i t y i n j the  condition.-  ( i : . . 

an  d (II . /.  i<)  . 


Th  formulated  protlom  covers  almost  ill  (a;;n:  piohl<  if  t 
thoci  y of  t-  l,i  * i ( mcdo/conci  i t f - 1 s of  filtration. 


Let  us  examine  in  more  detail  the  physical  s<nse  of  *■  hosr  oi 
ether  supplementary  conditions. 


TIhj  domain 
liquid,  usually 
bound  u it-.; , a nJ 


in  which  searches  for  pressure  d ist  r ii,u  t i o t of 
is  the  porous  layti,  which  partially  has  imp-Mi~ti, 
wh  icii  is  paitially  commu  n i c a*-  e d with  other  layer: 
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a n ' 1 


its  r c v.  1 1 i ii  j h olo.i . 
envious  condition  ot 
ccmpor.'i.*  or  rate  ot 


on  impenetrable  i.eundar  ies  mur.t  bo  r.a 
t n i dtsenco  of  flow  - the  equality  of 
t i i 1 1 <i  t.  i o r to  70 r c : 
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whence,  utilizing  a law  of  darcys,  we  obtain 
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(11.2.7) 


. On  the  sections  cf  boundary  with 
redistributions  or  pressure  ii  practice 
cf  supply"),  pressure  can  be  considered 

that 


the  detrains  in  which  »bo 
does  net  occur  (the  "domain 
as  constant  and  known,  so 


P'r  f{x,y,z). 


(If. 2. 8) 
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. l i,  i ; condition  i com  cc*  , it,  fcr  exairifle,  the  lay>r  ir 

question  borders  m t.e  hi  jh-pe rmea bi li t y domain*  supply  of 

liquid  1 r.  whicf  is  Vr  r y qi  >at. 


Fd  qe  20. 


Pressure  ot  t ;.e  boundary  ot  ti.  is  domain  close  1 y to  moan  pressure 
it  and  ir;  view  of  it.;  large  volume  barely  deperds  on  tho  processe 
which  proceed  ir.  the  investigated  domain.  A characteristic  exampi 
the  petroleum  deposit,  surrcunded  iroia  all  siles  by  vast 
water-bear iny  domain. 


in 
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In  the  examination  ot  unsteady  processes  ir  deposit  pressure  in 
water-bear iny  domain  can  be  considered  constant.  It  follows,  hewrvor 
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to  distii'tly  visualize,  * hat  t hn  concept  ct  t h « range  of  constant 
pressure  1:  not  dosoluto.  1 han  aioi  pi  cion  gel  chnnct^r  bear  i i: nr  • 
cnanjfi,  !>  r i i in  *c  larg<  tang-  Mipy  are  spread. 


Fait  of  t r.<.  ha  ip  . i : y of  * i • r eg  l on  of  filtration  i s u sail  1 y 
for  me  i l y the  wall,  of  id?  or  Irainagt  galleries.  On  this  part  o* 
the  boundary,  jo..t  tr  inertly  it  assigned  piti.pL  the  pressure  of 
liquid  or  its  flow  t nr  > ugh  Ms  walls  c*  licit.  The  selection  of  one 
condition  or  -h<-  other  <i*  pends  on  the  operating  modi'  of  hole  or 
gallery.  There  Can  no  t h<  lore  ccpiflex  conditions  when  is  assigned 


ccmmunicat 

icn/connec* nor 

cf  [ r< 

S u I 

with 

fluid  f 1 ow  ra*o. 

T h° 

assig  nmen t 

at  r 1 uid  flow 

accor  a 

mg 

to  the 

1 i w cf  d treys  is 

• }u i val en 
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Conditions  of  th  i > type  au  satisfied  with  those  sections  of  the 
tcundarics  through  wr  ich  cat)  occur  Mie  pychangi  of  li  ;uid  with  fh>- 
adjacent  layers  through  the  co  it  { a r a t i vc  1 y slightly  per  it  r-a  b 1 e cross 
connections,  ir  the  thickness  of  cross  connection  A is  small,  md 
(tfssari  p*  after  it  it  is  possible  to  consider  constant,  then  t hr 

flew  rate  of  the  eff Inert  through  the  section  cf  the  cross  connection 

k (p  — o')  d%  — »•  , 

with  ai  atfd  ot  will  rct[OS€  ^ . . This  aiount  of  liquid 

■ust  tr  equally 
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where  cr  the  U._  - the  n ci  Hull  jrogecticn  cl  late  of  filtration 

the-  -sect  ioi  r.t  hour,  la  i y in  question.  Hence  we  have 
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i.e.  third-order  corditicrs. 


Everything  three  types  of  cor.  1 i t i c ns  are  special  cases  or 
c armor/  ;<  u-idl/tot.i  1 cord iticn  (II.2.S).  Thus,  assigning  ♦ he  ini 
distribution  of  pressure  and  the  indicated  tour.dary  conditions, 
ettain  the  unambiguously  solved  problem. 
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§ t.  Equi'ior.s  of  t h“  f r<  .>-f  low  tilt  ration  cf  1 1.  ^ inco»  press  il  1 

fluid. 


1 . »»*•:. -»ral  toi  sul  i ••  ior.  c : thf  p r oil  e m . B y f ree-f  low  f i 1 * r i * i o j 
motion  is  understood  ' m metier  with  1 1, floating  surface  on  which 
the  pressure  of  liquid  constantly  j •,  equal  external  atmospheric  to 
pressui t . Host  frequently  it  is  necensaty  tc  moot  the  tree-flow 
motion  of  underground  witft  ; the  fLee-rlcw  motion  of  oil  is 
encountered  comparatively  rarely,  only  with  mine  yield. 
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Let  us  ->xamino 
porous  medium,  zone 
impenetrable  and  by 


free-flcw  notion  in  the  homogeneous  and  isctropic 
of  flow  we  will  assume  to  to  bounded  below 
curved  surface  - by  confining  stratum. 


The  law  of  darcys  in  the  case  in  question  car.  be  written  in  the 

form: 
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. V.il  lie  c,  the  having  dimensionality  cl  rp^o,  is  called  the 

filtration  factor,  - 1 y pressure  head,  and  the  function  of  At 

filtration  potential.  Let  us  note  that  for  the  tree-flow  motion  of 
change  the  pressures  usually  sc  small,  that  the  porous  medium 
possible  chounted,  and  tlie  incrmpressif  le  fluid,  so  that  c - const, 
f.  g = ccr.rt. 


I r.  a precise  setting  the  study  of  free-flcw  filtration  motion 
presents  exceptional  difficulties  of  mathematical  character;  the 
relating  here  settings  cf  problems  and  results  can  be  found  in  the 
look  ty  P.  Y a.  Pol u La r i nc va-Kochin a C 04 Therefore  it  is  necessary 
to  turn  to  some  simplified  settings. 


Great  significance  has  th.~ 


Froblem  of  frw-f low  filtration 


approximate  formulation  of  the 
which  corresponds  to  the  case  of  th 
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act  ion  which  we  will  t;  a 1 1 flit,  hy  flat  iiltr.it  inn  motion  is 
under  s*  oo  i th-'  motion,  which  r r<  ■;•  ••  i~>  in  lay. 're  with  the  final  d-ptn 
ct  the  confining  st  utun  1 r.  which  vertical  the  component  of  t>  u* 
ct  tilM  itior.  or  mm  ir>  small  in  comparison  with  horizontal 
component,  in  <>  the  charactei ist i c rat*-  in  free-flow  filtrati  an 


action  ’ 

s the 

rate  C , nerizent 

n 1 t jic  cempont:: 

1 1 

c f 

rat  e of  f i It  r a * i ci 

car.  be  • 

i t her 

order  C or  small 

in  c.  cm  p a r iso  r. 

w i 

t h 

C.  in  both  cas*  s if 

is  c 1 Pa  1 

that 

vertical  ’ho  con 

pone  nt  of  a a a a 

is 

c 

mall  in  comparison 

with  C , l . r . , 


«, . c 

* n 


(M.3.2) 


This  inequality  can  be  rewritten  still  thus: 


(11.3.3) 


. But  is  that  patt  vortical  the  components  of  pressure 

gradiert,  which  is  caused  by  the  til^ra^icn  of  liquid.  Inequality 
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t vertical  the  component  of 
snail  in  comparison  with  h yiroyta 
:i;r- * d i st  r i ) u ♦ inn  according  t r 
of  flat  mctiors  considered 


let.  us  derive  important  for  further  reus 
r e 1 a t ion ship/ ratio.  Let  us  examine  volume  by 
ct  liquid  an  i by  certain  cylindrical  surface 
gener at  rice s. 


o n i n g s 

V , limited  t roe 
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s u r f 
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4 


roc 


7h');  1 H <b0 


PAO 


Let  us  irsiyndte  }.  y h dint,  arce  i toa  (uft-  surface  of  liquid  *o 
confining  stratum,  and  by  H - Mi»  distance  tree  floating  surfac 
the  hcrizortal  plane  z - 0 ( Fig . II. 1) ; it  is  clvious,  *h/*+  = 
The  volume  of  the  lijuid,  included  in  volume  of  V,  is  equal  to 


f minis 
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(f  i.;s,i) 


where  area/sito  it  ; , the  {rojection  of  vcluue  on  horizontal 
(see  Fiq.  11.1).  A rhdnqt  of  the  amount  of  liquid  in  volume  ot 
infinitesimal  time  interval  1*  is  equal  therefore 
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At  the  same  rime  this  change  is  equal  tc  rhe  inflow  of  1 
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plan- 
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into  volume  of  V from  without  for  time  dt,  equal  to 
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(I 1.3.H) 
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u j t.  i n ) ( 1 1 . i.  > ) an1!  ( ) i - K '*}  in  i utilising  a lo:  mi]  i •>  t t 
nation  of  contour  intoqi.il  into  int,  jr.il  in  t .ms  of  ir  i 
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whence,  u in;  tne  ir^i  triL  iris-  .u  ci  <ic>-  /sit*-  i; , w<  r i n*l  • ) in  1 1 < 
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. According  to  t h «=»  law  cf  (iarcys,  th*  nti  ot  lilt  rat  ion  i. 

deter  ny  rel.t  t ion  ship/rat  io  (TT.3.1). 


_ 
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.am  , 'ii  : :»-c*-uii;q/prcvi  r.us,  the  ftt  tur<-  is  distributed  i v 
verticil  • with  j n accuracy  to  low  v il'i'o;  in  y iro.st  at  i c 1 ■>  v , t 
value  ^ j Ion  j e-ic!'  v.  Ltinl  1 i n/  will  be  constant  uni  -■  j u 1 1 to 

H: 


Ii  f.r,  ;/,  /'  II  [x,  ;/,  I)  0 (iiJC);  1 1 - — b' Rimd  II  Off/,'. 


, tlif  i a t ■ .i  U can  l.»  , ly  disregarding  low  values, 
t>  rov  ■ under  th-  siqr  of  integration  tot  v-*r*  ic;al  1 i r.«  in  th® 
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r,  this  equation  out  shoulo  substitute  relat ionshi p/rat ic 


H ( x , y,  t)  ~ h (x , y,  I)  l,„(x,  y). 


••  the  vertical  coordinate  cl  floating  surface  H through  it?. 

h of  confining  stratum  and  distance  h0  from  confining 
to  reference  plane  z = 0;  wt-  will  obtain  final  equation  ter 


deter  mi  n i n ■:  <■ 

f h. 

l ! i c a 1 1 y , 

i : 

th*  5 u r f a c € 

c t con  f l t.  i n q 

S *■  r jt  <]  *7) 

is  h o r i /. o t . * 1 1 

plane,  » 

h • • r i t it 

is 

pose  if  1 t c 

a cc**pt  for  re 

f •* r .-nee 

p lane  an  , t h 

r e : or  , 

l*o  (*#  y) 

i * 

i.-  ( CoFU  If 

to  consider 

qual  to 

zrio.  In-n  i 

- h , a n i 

• ■*  q u a t i c ri 

(li 

.3.11)  a - s u m t 

s the  form: 

<Ui 

ill 


a Mi*; 


C.  frog 

2ni  'Jinn 


equations  (II. 3.  11)  and  (II. 3.  12)  were  qiven  ty  Bouss  in  ?r  i 

[133]. 

§ 4.  Fundamental  equations  of  the  frltiation  ct  qas. 


Lurinq  t he  study  of  the  tiltratior  of  qu  s , the  primary  raeaninq 
has  t.hf  tart,  that  the  compressibility  cf  qar  usually  on  several 
orders  exceeds  the  com  press  il i 1 ity  of  the  ocrcus  medium.  Takinq  this 
into  account  of  fact  in  the  equation  ct  continuity 
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order  to  obtain  the  locked  system  of  e^u^tions,  it 
to  utilize  ccmn  un  ica  t ic  r/cc  r.  r.ect  ion  of  ♦ 1 «-  density 
pressure  p temperature  cf  T: 

.»  (»(/>,  7’).  (M/i.3) 
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t h f n>  f ci . in  f i c-'i  ipj.«'ir£  i-<  « ilt-ri.atinj/ variable  T,  and  lot  t h«. 
closi ng/: h or t 1 ng  of  system  of  <qua  tiers  nee  •■ssary  - o add  on-? 
additicriil  in  : t i on  - fh*  r qua  t i cr  or  < no  i j y . 

rage  ^4. 


However , 1 : 

in  t h>j  iite.j  i urn 

t h e r < 
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s of  rate 

o i filtration 

an 

d,  in  the  second 

olac  e. 

t h e 

presence  o t *hermal  ballast  - the  skeleton  cf  the  porous  medium, 
effectively  suppressing  change  in  the  temperature.  We  will  he 
therefore  consider  that 


<>-P(P.rn)»(r),  (”-4-4) 


where  T0  is  constant  temperature. 
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Connecting  up  O'liuricnt  (IT. a./)  and  (ii.4.4)  thu  ^ i'JhUoii 
the  law  <;!  filtration  (assinreo  to  i <-  1 i rear) 


u — grad  p, 


(!  T.vr») 


we  obtain  the  lock  ed  system  or  equations.  Flirrinating  ia  + o of 
filtration#  we  have 


± A-div(-jj-grad/>). 


(II.  '».»>> 


. In  cjuation  (11.4.6)  p is  a known  function  of  pressure.  It 

analogous  and  the  viscosity  of  gas#  which  depends  in  the  general 
cn  pressure  and  t era po r a t ur e # it  can  represented  in  the  form: 
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(P,  T0)  = j,  (/)). 


(H.4.7) 


. Thus,  an :i  viscosity  can  If  considered  the  known  function  onlv  of 
{ ressutc . 


Let  us  introduce  now  functions 


P (p)  = A-  i'(r)<ir>  . 

. ."(/u  ’ 


Equation  (II.1*.  6)  accents  in  this  case  the  form: 
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. it  is  possible  to  .s hew  that  the  equaticr  for  a nr^ssur*'  will 

preserve  form  (Il.U.'l),  also,  il  is  considered  the  deforma  b i lit  y of 
the  porous  medium,  1.  u.  , pressure  ieperdonce  ct  porosity  and 
permeability  (medium  is  consiiiernu  as  before  uniform). 

Faqe  2^. 

In  the  simplest  case  when  q as  can  ce  considered 
thermodynamically  ideal,  wit),  the  viscosity,  which  does  no*  depend  on 

pressure, 

u -const.  = (H.4.10) 
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. Equations  (II. 4.  12)  arid  (11.4.13)  ate  derived  under  t h<> 

assumption  tin-  tern  per  a t hi  t const  unc  ies-  cl  T0.  Therefore-  their 

usually  the  y call  t-y  * h c-  g u at  i or  s of  the  isothermal  filtration  of 
gas. 

£ juat ion  (11.4.11)  - basic  tot  the  theory  cf  the  filtration  of 

gas  - rs  obtained  f cr  the  fust  tire  fy  L.  s.  Ieybenzon  f70],  and 
then,  .'.op  whit  later,  it  the  work  of  wuskaf  and  bntsrt  [14M. 
Transformation  (11. 4. a)  also  i ises  trer  its  freu  the  works  of  L.  f>. 
Leybenzor.  Therefore  we  will  call  function  F ())  the  function  cf 
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T n t i.e  re 

conditions  pressure  distribution  i.s  ier-critei  t y "ho  class  ic.al 
equation  ■>!  * ’lernal  conductivity  (11.2.3).  The?  detailed  techni  qu*  ci 

the  solution  to  this  ojuaticn  in  different  initial  and  boundary 
conditions,  ir  used  also  to  the  | rod  lems  or  the  theory  of  elastic 
BOde/cor.d  it  ions.  Divers*-  cone: ef e/s  pec i f ic/ act u a 1 solutions  car,  i 
borrowed,  for  oxampl*,  iter  tub  raejo  Bent/ tra  nua  1 tc  Carslow  and’  daoqer 
ar.u  lion,  other  sources,  however,  the  problems  of  filtration 
theory  have  their  specific  character,  connected  with  the  presence’  or 
cortari  low  r rameters  (for  example  the  ratio  ct  a radius  of  the  hoi* 
to  the  size/dimension  ct  layer),  which  in  a nuirter  of  cases 
sulst antially  simplifies  solutions.  Therefor’-*  the  giver.  exam  piles  art- 
intended  net  only  to  illustrate  settir.q  and  the  methods  of  t h- 
sclution  of  the  basic  problems,  but  also  to  focus  attention  on  this 
specific  character,  which  differs  these  prctleirs  from  the  problems  of 
thermal  conductivity. 


The  reader,  interested  in  knowledge  with  cth°r  aspects  of  th* 
theory  of  elastic  mci  /cond i * ions,  can  revert  tc  books  f 124,  12c,  1, 
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38],  wl.-.-T*  examined  1 i i ■]€  nurolei  of  prct  lems,  from  rh3  mi  ‘ ;:rrl« 
to  the  very  com  flex  problem;  of  moticr  in  hctr-tr  l°n  ‘Ous  lay  T 
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♦ he  mot  ions  cf  liquids,  for  which  *i»  ra* 
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. Are  .nest  interesting  the  cases  for  which  at  the  moment  the 

ncticr  ir.  laym  is  .stationary.  dire-  t ) ,?  stationary  distribution  of 
pressure  also  satisfies  an  equation  (III.  1.1),  is  convenient  to  count 
eft  pressure  at  each  point  iron  steady-state  value  p0  (x). 


i i , • 27. 


tin  litterence  V - f - p0  satisfies  an  equation  (JIT.  1.1) 


: t i a 1 cond r * ion 


DCC 


/ f-  < ' <1  t h 0 


;•  aoi 


P(r,  0)  0. 


(in. i.ii) 


. L • t j.‘.  assume  that  m ; lan<  x = L the  pi  essur-'*  rota  i r s 

c distant  value  e ;na  1 r o initial: 

P(L,t)  = 0.  (1 1 1 .1 


. T1  15.  condition  is  satisfied,  if , for  oxanple,  the  ran  p i i. 

question  1, orders  on  the  vast  wt  11  pcnct  rated  aqui  ter.  Let  us 
designate  by  k ( t ) the  function,  which  describes  pressure  chanqe  in 
the  iritial  section  x - 0.  in  order  to  obtain  the  solution  t 0 
equation  (III. 1.1)  in  the  indicated  initial  and  boundary  conditions, 
let  us  ajuly  to  it  the  Laplace  transfern  r u*,  hi,  e>  .3 ") : 

CO 

A P(x,  t))  = P(x,  a)  = \ e-'°P  (x,  t)dt,  (IIM.'O 

(I 


•-  ■ J 


DC.C 
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as  a r.  suit  of  which  e « t ra  tie.  f or  n: r w«-  will  drain  equation 


rf«/» 

7/77" 


a 

x 


P = 0 


MII.1..7) 


under  iounlary  conditions 


[*(())=  L /(/)'  —F(o),  l>(F) 


mi.l.ii) 


Th«  nr  m.  own  solution  to  equation  (J1I.1.C)  tak^s  the  for 


/’  F (o)  sll^/-  *)  Tn/x1 
»li  (/.  Va/x) 


(in. i.7) 
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. besides  pressure  distribution  i n layer  f ci 

a pp.  1 icat  ion/a ppend ices , it  is  usually  important  to  Know  also  fluid 
flew  through  the  initial  section  or  layer  x = C and  through  the  moved 
away  boundary  (current  generator  L)  . 


The  flow  rate  or  liquid,  which  is  necessary  to  the  unit-  ot  area. 


is  equal  to 


Q(*,  0- 


L-1’ 

II  ( 


flll.I.X) 


Utilizing  (III.  1.7),  we  obtain  for  transforms  0 of  expression 


cue 


7*  HlHhO 


!'  AT,  E 


• Faye  l d • 

B^lat ionship/r ati os  (111.1.7)  and  (III.1.S)  yivo  the  solution  to 
state!  prollorr,  if  w«  use  ccmnion/d^rier al/tcta  1 inversion  formula  tor 
the  Laplace  transform: 


y»  ioo 

P(r,t)  ~ \ P(x,  o)  n°'da,  Y>0.  (Ifl.1.10) 

y-ico 


. 2.  Th  “ appl  icat  ion/use  of  this  eperatiny  method  to 

problems  of  elastic  mode/ccndi t io rs  is  convenient  in  that 


t h e 

rela tioi , 


•~*r— 


■» . ■ , 


LOC 


7*0  3 1 ;i()0 


PAfih 


which  ir.-»  k . • ^ it  poss  ibl  n easily  t c invt  t he  asymptot  i cr  lnhnv  i or 

of  the  obtained  solution  in  thf  Inroe  ,i  rd  lew  values  of  ti  , « v « ?: 
without  r xtiMctin-j  it  c c t t I < f c 1 v . T h is  f ac*  is  e s , -cia  1 ly  iruoftant 
ir  connection  witn  t h ■ re  ir  f 1 ► x problems  for  which  the  rffecti;*' 
realization  oi  r-j  v*  : / i n v*  r$f  transform  is  h i rder/hampered. 

Fur t hoi mor - , it  q:v-’.e  considerable  i m p lif  i ca  t i ens  during  the 
solutLen  ot  the  reverse  proLlea.  when  we  arc  speaking  about 
determinii  j the  n y d rod y nami c character  ist  ics  of  lay-r  f i om 
ireasur.  ment  data  of  pressur^E  and  tlcw  rates  (ccup.  -4). 

From  the  formulas  ct  the  Laplace  tranrtorn  (III.  1.4)  and 
(III.  1.10)  it  is  directly  evident  tnat  tnc  tohavior  ot  solution  i r: 
the  lew  values  of  time  t is  determined  ty  the  asymptotic  behavior  of 
image  with  large  1 o 1 and  vice  versa  - the  behavior  of  the 

converted  function  with  small  |o[  determines  the  asymptotic 
behavior  of  original  with  large  t. 


The  different  reco pt ion/pr occdures  of  the  determination  of 
asymptotic  behaviors  and  their  foundation  can  te  found  in  books  [42# 
63]. 
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e con  ( 

:r<  t e 1 y 

new  the  f 

<;  L iT 

cf 

t n^>  f Unct 

iOT:  f ( ’I  , =!  ftot 

accepting  it 

eg  ua  1 

to  the 

c c ns trtnt 

i°. 

I n 

this  i- iso 

, it  is  assumed 

that  a » the  .i. 

om  on  t 

th-  pro 

s t ti  i c c r. 

t h ^ 

t o u ri  c a r y o f 

layer  takes  » h.o 

now  tixcd  valur ; with  this  1 = [°/«.  Frcm  (III.  1.7)  and  (III. 1.1)  u> 
ha  ve 


/»  ^ 


I f a 1 

, *h  (f._,)|/_ 


; 9(0)  . — l/— ctli  (/.  ]/ — ) . 
* * ' !U1  r K r x / 


(MI.J.ll) 


. Le *-  is  examine*  fits’-  *he  tehavicr  of  solutions  in  short  ’•imes, 

i.e.,  wr  will  examine  (III. 1.11)  with  large  |o|.  Ts  expressed  in 

(III.  1.11)  the  hyperbolic  functions  tn  terns  of  exponential  and, 
counting  JAj/—  jt  is  decomposed  these  expressions  in  pcwet 

set  ies  e'*'-  I r Then 


— 


'****■-■ 


COC  - 7 t:  0 .1 1 Hi  0 


n A ' - 1 


If 


/’  U,  o)  = |VeXp  (X  » 2/,n)J 


ln-u 

r . r— 


-N'.xpj  (2/,(«  fl)-x)!l; 

‘J 


V(")  -j^J\>*p(-2/.»  j/-"-)  -I-  exp  (-:•/.(/«  j)]/ijl[. 

1 1,-n  ", 

(III. 1.12) 


. Fag* 


Producing  ter«-by-terin  reversion  of  series  (111.1.12) 
(corresponding  inversion  f ormuJas  are  der i ve/ccnc ludt-d , for 


ex  a irp  1 
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in  the  bo<  r of  «.  A.  L t vr  <?r  t y.  v anu  b.  V.  3 h a t a t [M],  chapter 
61,),  w • h a v f’ 


/’(A  ') 


Ou 


V(0) 


ii 


l’ 


on 


ll-  ! 


(MU.  13) 


. 3.  The  obtained  scrips,  a.s  it  is  easy 

converge  with  all  t.  and  x.  W*  allow  at  first, 
times  and  ^ , 1.  Then  in  expression 

possible  all  the  values  erfc  to  replace  then 
with  the  exception  ot  the  tern;  ot  a series  cf 
Analogously  in  expression  her  Q (0)  all  terms 


to  be  convinced, 
that  are  examined  short 


for  P (x,  t) 

maximum  erfc 

erfc  — 

2 I x/ 

cf  a series 


i + i r 

- = with  0, 

h eon  me 


zero.  We  have 


EOC 


7 h 0 ) 1 riff) 


V 


P(x,t)  p°  erfc — —■  Q{  0)= (MI.1.J4) 

2 r x(  |i  P :ix/ 


. The  in  tdinud  Lociula;  makt  double  sense,  on  one  hand,  * n*  v 

describe  pressure  distribution  in  the  layn  of  the  finite  longtf  L 
during  short  tines  of  y-t  £ L'1.  on  the  ether  hand,  they  cive 

jressur*  listributicn  in  arbitrary  point  in  tine  ir  the  lay-r  of  the 
"infinite''  extent  /.  -»  oo.  The  fact  rs  that  the  rinal  (not  infinitely 
small)  cha  r.  je  in  the  pressure  is  spread  for  preset.  *-ime  or  ly  t c ♦ h« 
final  distance,  and,  if  are  examined  short  tines,  possible  to 
consider  layer  infinite.  The  solution  cf  problem  for  an  infinite 
layer  is  self-similar:  independent  alter  Dating/ variable  x and  t enter 

in  solution  not  separately,  but  only  ir  the  c c n 1 i. nat ion  of 
x/j/xh  The  se  If- s i mi  lari  t y of  solution  is  simple  result  of  the 

afcsence  jn  the  statom*  nr  ct  th»~  problem  of  constants,  from  which  it 
is  possible  to  form  the  values  of  th^  dimensionality  of  length  or 
time.  Self-similar  solutions  will  he  minutely  examined  below  (chapter 
IV). 
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The  equation  r.  t thermal  conductivity  (ill.  1.1)  is  linear  and  on 
tne  strength  of  this  a llcw/assumes  t ht  superposition  of  solutions. 
This  allows,  utilizing  the  given  soluticn  ter  ar  alrupt.  chary*-  ot  tl  - 
pressure  in  t ho  initial  section  of  laytr,  tc  construct  the  solution, 
which  corresponds  arbitrary  boundary  condition 

P(0,  0-/(0  (III. 1.15) 


and  which  becomes  zero  in  t - 0 and  x = L (Duhairel  integral)  : 

§-^rpi(T<  t~r)dx.  (III. 1.16) 

0 


. Page  30. 


Specifically,  for  an  infinite  layer 
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= *t;  0(0)  = r— 
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rfr 

1'“  ' 
(III-J.J7) 


. It  is  assijnei  net  j-r<-sti]t(  tut  the  Llcw  rate  tnrouqb  t hr  end 

secticr,  of  infinite  layer 


0(0)=- <7  (0. 

: 


(III. 1.18) 


that  solution  as  it  is  not  difficult,  t c she*  in  that  manner,  it  takes 
the  for  in: 


4.  solution  (III.  1.14)  it  represents  "thermal  wave",  which  is 
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i 


ECC  - 7.  ns(>0  ''As  F 


spread  iron  t nr gu 

e / ;i  )!;;•■ 

nt 

♦-  — 

0 of 

th< 

point  x 

- 0 in  * 1 e positive 

direction  of  x-ax 

is.  La 

- 1 

C f o r e 

X I) 

: « 5 

ion  (III. 

1.  1 i)  can  ! 

con  sice  i.  i i.  x o-:; 

u 1 * e.  x 

t 

h-  su 
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os  it 

ion  of  th 

e t her  ma  1 w a ves  of  t ]. 

sa  it  * an  p i : t ud.-  ] 0 

, «iic 

h 

axe  3 

i i C<1 

i f r 

cm  points 

x = - 2L t on  the  r i g t 

and  f t c m point s x 

- 2Ln 

*- 

o the 

lef 

y 

9 

e ginning 

wi  t h * he  sa  me  pcii  f l n 

time,  t ha-  w i v es  , 

w h ic  h 

1 1 

e spi 

. ad 

to  r 

,fc  lert , 

having  opposite  sign. 

To  this  i nt er  pr et 

at  i >ti 

i t 

ii  1 

O S S3 

b 1 e 

t c ; i ve  s 

impl“  physical  ser  s>-  . 

Let  ii £ attciip  to  y e ,Uc.+  ioii  (II I.  1.1)  ard  the  place]  (-ouadaxy 

cor.iii  1 101..;  wit],  th~  a i • * u solut  ior.s  Of  the  type  of  thermal  wav-.  It 
is  obvious,  all  the  such  solutions  t h«y  satisfy  t he  initial 
cor.iitici...  In  or-J  x t , satisfy  condition  w it  n x = L,  ] ,-t  us  t Id  to 
solution  ( I T I . 1 . 1 4 ) t !,  * thermal  w..  ve,  rj»r)in  j from  point  x - 21  in 
the  neji'ive  lirectxo’  ci  axis  ai  . which  ha.-  the  opposite  r- i .j r,  : 

/,(x,  t)=-  p"t.rfc -2LT---  (III. 1.20) 

lil  Xl 


. on  the  strength  cf  symmetry  it  is  envious  that  the  total 

solution  becomes  z-ro  with  x = L.  however,  in  x = 0,  constructed 
solution  no  longer  is  egually  accurate  p°.  In  order  to  compensate  tor 
the  discrepancy,  cause J by  the  second  thermal  wave,  let  us  add  the 
third  wav*.:  of  the  same  sign  and  direction,  as  the  is  first,  and 
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necessai y 
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C K 

wj:1  wave 

iron  p o i r t x = the.  y i w 1 - 1 c 

. I» 

i .s  tint 

d i 1 1 i cu  1 4 

to 

set  - h 

1 t 

in  this 

wa  y w • will  ur  i v<-  it  so  1 ut  i 

on 

(III.  1.  1 i) 
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once  i 
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is  clear 

1 1 a t thus  far  the  v i lu  of 

♦ i mi 

l r; 

quest  ion  i 

I ■ ' 

!:  Ot  TO 

’■> 

in  at,  su 

fficient  to  J ^ m i t our;-]  v< 

♦ ii  4 

h p 

account  o : 

wa 

ves  t r 

J [T) 

• v • ’ r a 1 

r ."di't  st  tc  the  pcinf  ir  im-s 

t , o r 

source,  ft 

1.  is 

, o : < 

cj  a 

t s • , i s e 

asy  t ;(.ii  (1  r:  J directly  from 

(111.1.11) 

i __ 

Fage  Jl. 

In  thi:  it  is  ; > c : i i 1 f to  cl  tain  simpl£-  -x  ft  's.  ions  for  i 

sufficiently  pi  olon  qs  i initial  cycle  cf  motion. 

5.  Now  1-  t us  i-xamine  the  opposite  asymptotic  behavior: 

in  this  case  the  exj  r^srior.  (111.1.13)  is  inconvenient  4 o 

those  that  it  is  necossar  y to  summarize  man y terms  of  i set  i o«..  j r 
crier  to  obtain  solo*  icn  ii  more  convenient  ferrr,  we  will  It  4 urr 

aga  in  to  r f lat  ion;  h ii>/ra  * io.  (111.  1.7),  set/assuninj  in  it  astir  t 
p°.  Utilizing  an  inversion  formula  (1 1 1-1.  1C)  , we  have 
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C- f/oo 


P,(x,  /)  = J^ 
2ni 


sli 


<'•-* >/v 


e0/J« 


sli 


c-foo 


['/I 


c>0. 


(MI.  1.21) 


. Integrand  decreases  with  !a|-»oo.  This  makes  it  possible  by 

usual  reception/procedure  tc  pass  to  integration  for  d irect/st rai jh* , 

parallt^l  imaginary  axis,  but  that  which  lie  tc  the  left  of  it,  after 
addin  j contributions  f rein  the  poles  of  integrand,  which  lie  be*- wee  i 
straight,  lines.  ; therefore  ji’x/.,'2  < — c,  •<  we  have 
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. T hr*  first  turn  of  expression  (III.  1.<:2)  is  t he  steady-st  ito 

solution,  which  correspcr  is  the-  assigned  boundary  conditions;  *-h- 
second  term  expresses  basic,  with  lonq  *-im»'s,  part  of  «he  correction 
to  this  steady-state  solution;  finally,  the  last/latter  member  is  low 
even  it  comparison  with  the  fust  correction  term.  Thus, 
approach/approx imat ion  to  steady  state  eccurs  exponentially, 
tthertjU[on  characteristic  time  ci  output/yieli  tc  steady  st  it“  - order 


*J 
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(HI.  1.23) 


. Li*  us  estimat-  ♦rii:  tiin.-  foL  the  systems  of  different 

£ i ze/  i i m<  n si  on.; . In  this  case,  for  an  x let  us  acnepr  the 

characteristic  vilua  of  x = 104  cm^/s.  As  a resul'  we  have:  with  l 
1 m (transient  process  in  onr-  piec-'-blcck  cf  rcck/species)  r - 0.1  ; 

with  L = 100  in  (oraer  of  the  distance  between  holes)  r = 10*  ~ 1 

L = 1C  kir.  (order  of  the  size/d  i men  sicr.s  of  deposit)  r = 1 0 7 s - 100 
days;  I.  - 100  km  (om  >r  of  the  sizc/Ji  i^n:  icus  cf  large 
water-i ressure  system)  r = 10q  s = 30  years.  Ii  practical  rrob  lcms 
frequently  it  is  necessary  fo  <-xan.ine  unsteady  processes  i r tne 
complex  systems  in  which  enter  the  c;e  1 1/e  le  me  n t s with  different  *-h?ir 
cwn  at  ciar-s.  Estimating  set-up  rime  (steady  flew)  for  «=>aoh 
ce  1 1/ c 1 em^  r t accotling  to  its  si ze/d ime  rsic r.s , we  is  simplified 
problem,  after  sep arat e/ 1 ifc era t i ng  these  ce  11/e  lemonts  motion  in 
which  already  it  is  nossitle  tc  consider  staticrary,  an  i those  in 


which  unsteady  process  is  located  in  the  initial  stage 
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§2.  Axisymaetrio  nrcbl  <?ms  and  the  problems  cf  the  interference  c 
holes  il  u r i r.  i the  insteady  filtration. 


1.  Lot  us  exam  in:-  now  on  e- dime  ns  i oral  axisyai  metric 
(f  lat./pla  r.e-rari  ia  1)  motion  during  elas-ic  mo  i^/con  lit  ions.  The 
pressure  1 istributior.  is  defined  in  this  case  as  solution  *o  * he 
equation  of  thermal  conductivity  in  polir  coordinates  (r,  0): 


rip  t ri  / rip  \ „ 


satisfying  the  initial  condition 


p(r,  0 )-f(r) 


(If  1.2.2) 
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and  boundary  conditions  «i  i 1 1,  i - p and  r - F. 
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t od  h is  i c nt  or 

os*  they  represent  the 

c o r r e s 

[ o ;i  j 

the  st  a r ion  1 1 y 

initial  distribution  cf 

1 n i + 

)r>  the  strength 

of  the  linearity  of  tii 

cf  tno  deviation  ot  distribution,  r no  [ tesjurcs  f 
also  satisfy  to  o |u  itior.  (III.  i.  1),  tut  already  w 
condition.  Therefore  let  us  accept  further  t (r) 
by  p tho  deviation  cf  pressure  irom  stationary  ci 


1 i an sf er/con ve rt i ng  in  the  equation  (Iir.z. 
transforms,  wo  obtain  equation 


t d / dP  (r,  a)  \ 
r dr  V dr  ) 


^~P(r,o),  (IM 

i* 


so  1 ut  i on r , wii  l • h 
pressure  f (r)  - 

• e jita  ♦ io  n ( 1 I T . 2 . 1 ) 
r c.t  t. he  r. t ui  cr  iry 
i t h z r o initial 
= 0,  Understanding 
~>tribution. 

) to  Laplace 
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general  solution  of  which  it  takes  the  form: 
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P(r,  0)  = C1/o(r|/ ^UcU'0(r]Ai),  (TTI.2.4) 

where  In  ar  I K0  m>  the  modified  P*?ssg  1 furcticrs  of  the 
ap  pa  r er.* /i  mag  inary  zei  o-order  a t d u n t-  n ♦ . Assigniry  ♦ wo  boundary 
conditions,  we  can  determine  t he  constants  l0,  C?,  and  tO(jeth«r  w i *•  r 

them  and  seluticn. 

2-  In  appendices  special  inpoLtar.ee  has  the  problem  in  which,  cr. 
hole  is  assigned  constant  pressure,  but  constant  output.  The  solution 
of  this  problem  is  utilized  in  the  moswideiy  accepted  methods  of 

parameter  determination  of  layer  t r on  the  observations  of  unsteady 

j 

inflow  to  hole.  Let  us  tely  thus 
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where  ; * 


t he  con  s t ui  t 


of  dimensional 


t y ; iPEFur^. 
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Satislyiny  boundary  conditions,  we  will  obtain  tor  the  imaya  ot  the 
distribution  ot  pressure 


P(p) 
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cne-d imensicna 1 ; on  the  contrary,  within  this  hand  is  essential 
nen-un i var  i ate  cnaracter  ot  notion,  connected  with  the  presence 
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(see  (26,  formula  7,  15,  35]),  which  answers  source  tlow  in  uniform 

layer.  If  a and  p0  are  ijreat  (o  are  great,  i.e.,  times  shafts),  then 
as  it  is  easy  to  verify  that  the  contribution  of  the  first  term  of 
fcrnulu  (III. J. 25)  is  exponentially  small,  so  that  solution  coincides 
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length  21.,  which  w •:  will  ccnsiaor  the  surface  of  constant  pressure . 
let  us  assume  that  the  complete  me  lection  cr  the  liquid  through  the 
crack  retains  known  constant  valut . Let  us  accept,  as  before  the 
initial  uressure  in  lay-r  tci  zero.  In  this  case,,  taking  into 
account  symmetry  relative  *■  c x ami  y axes,  have 
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This  tact  stak  es  it  possible  to  determine  t ho  s ize/d  i me  nsi  on  or 
cracK  ty  t h-*  observations  of  unsteady  inflow  to  it  (see  $4). 

4.  The  given  examples  make  it  possible  tc  make  some  conclusions 
ct  commcr  character  relative  tc  unsteady  flews  with  complex  geometry. 

In  the  majority  of  cases,  the  problems  in  question  are  reduced  to 
research  on  the  behavior  of  system  under  the  localized  influence 
sufficient  s i m pie  form  (for  example  during  an  ahrunt  change  of  the 
c 1 1 p u ♦ in  one  of  the  holes). 

from  the  obtained  thus  solutions  in  wish  it  is  possible,  by 
using  the  principle  cf  superposition,  tc  find  the  result  of  more 
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complex  <•:  4 -»cts.  Thi  ccnrcntiation  of  charges  ir  tur  t ri'i  in 
loads  to  th’  t.tct  rf.it  the  asymptotic  properties  of  t he-  corres 
jo  1 u t i or. . ■ turn  our  to  he  very  . impl  >.  In  *!in  majority  of  probl 
succeed  n.  isolar  i n •*  throe  lasic  fit  Id:  . 1 he  t ir.tr  ot  * ;or  - - 
moved  away  from  the  t 1 ac>-  of  dirturbanoe/{  Lturf.irion  t iel  1 w . 
this  icsi’iif  still  return.:  its  initial  stat*  and  fho  condition:; 
which  still  not  had  time  to  ii  fluer.ee  *he  tehavicr  or  solution 
second  field  - directly  adjacent  to  th*  place  cf 
dist ur ha  i ce /per t ur bati cn ; motion  l.-ro  i r.  known  sens'  is  close 
stationary  (for  example  if  di  st ur la  nee/ per t ur t a ti cn  entailed  a 
abrupt  chai  je  in  the  Mew  rat*  through  th*  era*  k (p.  1),  t 1> * n 

velocity  field  near  crack  ir.  close  to  the  stationary  field  of 
veloc  it  if ) . finally,  in  the  third,  comparatively  narrow  and  h 
the  simple  geometric  form  of  transient  region  occurs  strictlv 
unsteady  motion.  This  simple  structun  cf  .'-elution  (is  inh*'-ren 
mcreov* r not  only  to  the  probl* ns  of  • lactic  mode/cond i f i ons, 
also  to  nonlinear  unsteady  pro!  It?  ms)  makes  it  possible  in  a nu 
cases  easy  to  esta b 1 ish/ins'tal  1 the  basic  course  of  solution, 
utilizing  known  steady-state  solutions  tor  the  "internal"  par‘ 
range  cf  motion  and  simple  (foi  exampl*  self-similar)  unsteady 
solutions  roi  i r:  exterior. 
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typical  form  ot  th*--  curve  ot  p.i<ssur-J  charge  11  *’r,o  stationary  hole 
(recovery  charact e cist  ic  cf  pressure)  is  depicted  on  Fig.  ITT.  1 in 
coordinates  p,  In  r (is  curve  1). 

The  solution  of  the  problem  ot  chanqt  tj  a constant  vtlu>*  o' 
pressure  ii  infinite  lay^t  jftci  a change  cf  tie  output  of  hoi'  was 
given  in  ^,2.  From  th*  viewp.cint  cf  the  analysis  of  the  recovery 
characteristics  of  pressure  first  nf  all,  is  cf  interest  asymptotic 
section  ty  the  curve  of  r (In  t)  with  large  t,  described  by  formula 
(III. 2. 2 8).  Pressure  charge  ir:  the  heir,  stepped  alter  it  worked  ir 
steady  state  with  output  q0f  it  car  be  written  in  the  form: 


P(P.0-P(P,0)  = -^(ln*  + lnJ2L).  (UU1) 


Tht  formula  (1 1 1. 4.1)  determines  straight  line  in  coordinates 
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hydroiron  itor  in*j , i.t.,  t c inv^xt  iq.it  r the  chanyt  ir,  pressur 
ancther  hol>,  which  d 1 ’ net  work  ii[  *•  0 * Ik  forut'Vnomait  c-r 
cf  the  ituriation"  Hole.  Ir  t h i .*•  <:a  f r significant  oilmens 
the  rdiiitis  of  hole,  but  the  distance  between  holes  which  it 
suf  ti  cit  r ' 1 v .ircmata, 

w-  will  use  for  the  analysis  of  the  curve  cf  pressure 
the  for  in  u 1 u # which  lescribes  (resruic  distribution  in  infir 
riuiinq  wer*  ot  the  hcle-source , released  with  t = q * 


P(M)-K(r.O)— ^El(-4-).  (TH./..2) 
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. by  subs-itut  ing  here  values  dp/dt  and  Aj  from  formulas 

(III. 4. 2)  and  (III.  4.  i)  , it  is  possible  easily  to  find  that  »,  is 
deter  B i i.ei  fro®  equation 
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2.  The  applicability  cl  t h<-  giver.  simplest  methods  of  ♦ h“  nr.*.'  <>t 

inverse  jrobleros  of  filtratior  theory  ter  the  inv«jt igat ion  >i  layers 
is  limited  by  the  con.l  i t i ens  undei  which  the  hole  can  1 o consider'd 
as  source  cf  constir”  uif ^rtit  y ii  infinite  uniform  layer,  when  “he 
dist urtarce/pertur hat i on,  cau:  <'d  ! y * h»  coverage  cf  hole,  reaches  the 
boundaries  ot  layer,  i.o.,  through  t im  of  »nr  order  ot  the  /f1/*- 
the  recovery  ch ara c ter ist ic  cf  pressure  ir  hole  will  initiate  to  he 
distorted,  and  through  sufficiently  lorq  time  it  emerges  to  the 
horizontal  asymptote,  which  corresponds  to  the  stationary 
distribution  of  pressure. 
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71  'i  , the  * x t e • n t of  straight  jcrticn  i i.  the  curve  of  j (In  » ) 

1 ini  ted.  "<*  im<  t i ne  actually  on  the  strength  of  a si*  i i ■>.;  :: 

techrical  lifiicult i hole  ra  me*  he  .toppeu  instantly,  licit  usually 
is  clcs.  : rot  o:.  fat  , i.e.,  ci  tie-  bcur.laty  cf  layr,  but  on 

surface.  Due  - o dn-ticity  or  lijuids  and  gases-,  which  i ii  1 hoi-, 

inflow  flow  1 ty or  continues  still  for  a while  aft  -i  coverage.  Tip** 
tefotc  leaving  to  asyn^totf , obviously,  must  exceed  time  or 
su  | i 1 en- 1 i r v inflow.  There  rcu  ate  pcssill  cc  ndi  t ions' , especially 
in  the  tides,  a rr  a n ‘ii.-/ 1 ocat  e d closely  the  tcindari-s;  of  the  lay-r 

when  sti  light  |,  At  ion  in  the  curve  of  t ( 1 r t)  dc  not  exist  . 

In  addition,  upr>  1 e mer  t a r y inflow  into  ncle  considerably 
increase.;  the  Juration  of  investigation. 

The  method  of  t r ea tment/wor k i ng  tie  recovery  characteristics  of 
pressure,  fret  from  the  indicated  drawbacks,  was  proposed  in  work 


[15].  In  this  method  directly  are  utilized  the  transformations  ot 
Laplace  of  the  curves  oi  the  recovery  cf  pressure;  therefore  it  is 
suitable  during  an  arbitrary  change  in  the  output  of  holes. 
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Let  u;  assume  that  as  a resul*  cf  measurements  in  hole  arc  known 
to  dependence  of  P (r>  0 and  the  -!Xkh  n d<‘  I _ 

u ' dr  ir.f 


\(t  us  examine  the  layer,  het 
Configuration,  in  which  with  t r 0 

nonst at iona r y system.  A chanye  in 
eft  t h<  initial  stationary  level. 


uroyenocut  arc  arbitrary 
tcait  £ into  action  the  hole 

pressure  p (t,  6,  z,  *) , cal 
satisfies  an  equation  of 
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-g— xV*P  = 0,  (HI/,.'.) 

and  th«r  initial  condition  p = 0.  h o 1 o»  (r  = p)  satisfy  condition 

P - p,  (/).  Furthermore,  on  fhp  cufa  edqes  of  layer  must  be 

fulfilled  niie  conditions  of  *ne  type  p = 0 with  current  generator:, 
and  dp/ ! n - 0 with  the  impenetrable  sections  cf  boundary, 
transfer/converting  to  the  tra nsf or  mat icn  cf  pressure  according  to 
Laplace  ? (r  , z,  0,  a),  we  will  obtain  that  P satisfies  ai  crustier 


(III  .4.5) 


to  the  conditions  of  /»|  = />,  (<j)  and  conditions  of  the  typo  ? = 0 

cr  dP/dn  - 0 on  the  different  sections  cf  the  cuter  edge  of  layer. 
Let  us  introduce  now  function  U = P/P,  (a).  This  function  satisfies 
an  equation  (111.4.  rj)  and  the  uniform  conditions  of  the  1st  and  2nd 
kind  ct.  out  »r  edges. 
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1 ' '•  According  to  these  conditions  car,  be  f ound  function  'j 

• o,  a),  not  d^.->nding  cn  * he  nj.oratir.j  mode  of  hole. 

L‘ r the  outpur  of  ucle  will  te  j (t).  we  lave 


Q (®)  J 9 (0  <•  J <*-“  j % dt  dl  - p,  (a)  j 


at; 


<//. 


(II!  .4.0) 


integration  it  is  conducted  along  the  length  of  the  revealed 
[.art  of  the  hclo. 


From  formula  (III. 4.0)  it  fellows  that  the  relation 
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depends  only  on  tn*  t0  c i of  M ( function  V anil,  therefore,  it  door 
ret  <Upenu  or.  the  op*  ratine  roe  ■ of  hole.  T ho  form  of  the  function  <t 
(o)  ccm;  1*  t.  ly  i ) o*  e r m i ned  ly  tnt  parameters  cf  layer.  When 
functions  (t.)  dn  J (t)  are  known,  functions  Pj  (a)  and  0 (o)  car. 
Le  four;  without  difficulties  Ly  any  ly  numerical  inteqration.  In  the 
term  of  th<  function  * (o)  i r a number  of  cases  it  is  possit  1«  * o 

determine  seme  parameters  of  layer. 

For  the  case  of  * he  instantaneous  stoppage  of  the  hole  of 
q (o)  consequently, 

Thus,  the  functioi  of  (o) 
is  a Laplace  transform  change  in 
instantaneous  stoppage  cf  hole-. 


is  equal  to  o?°  («)  , where  r°  (a) 
pressure  p°  (t)  with  the 


From  formula  (111.4.7)  it  follows  (see  alsc  61)  that  function  p 


/ft 


( t ) in  ♦ |t  rp  i 1 1 ci;'!  c ir  bo  <■ x j i fsp  e d through  p o ( t)  with  f he  i i d 

of  thf  it’-  ail  >t  b ii  h i it.  1 , it  . ( r)  it  is  knew:: 

p(t)=\j£po(t-T)dT.  (I1I.A.H) 


. In  .2  and  .1  present  chapters,  kerf  obtained  the  solutions  of 

series  of  problems  of  pressure  distribution  near  hole  during  a abrupt 
chariqe  in  the  output.  The  given  there  functions  P (x,  y,  a)  can  be 
directly  utilized  for  determining  the  function  cf  t|>  (a)  — P, 

without  finding  separately  r (x,  y,  o) , Function  U for  some  of  these 
problems  war-  obtained  in  the  works  of  G.  I.  dareriblatt  and  V.  A. 
f* a x i m c v f i ] and  V . A . Maksmova  f 7 5 , 7 f , 3 ] . 

Let.  us  examine  the  simplest  example  - the  hole,  which  works  in 
uniform  infinite  layer.  Function  I!  takes  the  form  (see  §2)  : 
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. The  1 iy.*i  n the  . , i , c t ! i i i]  » ( I 1 1 . 4.  11)  ar-  bjinC  • j •> 

curve/  •:  i i / . f rc.i  1 n r c xact  1 v : . ♦ t * i _ i u t *-r  s from  cutv  •/  irv  \ 

Pi  Ir  t t t he  inst  antaneou j c f . . . • t • - - 

tie  pe r.  Je i ce  o t ’f  T)  i : i ect  i l mi  it,  t . it  ross  ib  1 • > 1 ; • . t 

oneself  to  ca lcul it  ion  o£  fur  tint  ; • v.uy  mall  .r-  •.  * vil  i r . 

It  i «•  i.  jiv-n  * ii<>  solution  of  t|ii  tichleir  of  inflow  +o  hole  t u 

layer  with  tie  h-»t  oroo  .-rieit  y of  <irt.ul  at  i n.  Fr  7 umula 

(111.3.21)  1*  follows  that  wit)  sirill  timer  (lot;e  o)  function  p ( v, 
p,  «)  and,  c ]U  tl  y,  also  y (©)  t ak<  t he  sane  f cr*,  aa  tot 

a uniter*  My  1 <i*.i  * no  parameters  of  in  not  zone.  with  ..mill  a 

(larje  r)  • o lore  1 min  i r;j  ip  (o)  it  i possible  to  use  the 

for  mu  M (111.  1.  11)  which  j i v • ■ 1,  ;>  t *■  1.  > ( c i n t s where  r **  a - p (p  < li,  H «»H): 
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with  a i a : i.  o 1 F , 


in  the  r ot  /or- 
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( p*  - t h-  i;  lvt  it  radius  of  i(.lc).  Cc  in  paring  f o i a u 1 as  ( L 1 1 . 4 . 1 1 ) • i ■ 

(III.i4.1i),  m se-e  t.  ha  * t h“  t o i it  u 1 a (111.4.1))  t e)  l c sen  t s * ! •> 
convertu-.  r ncovnry  c h a r ac  to  r i - t ir  ct  pressure  m uniform  1 av^i  wit! 
the  parauctart;  of  on*  *- r /.ere,  hut  in  * 1 e hole  who:-;-  n liu.  r,  ou.i  1 
tc  p* . I-  i not  difficult  tc  asci  rtair  that  p*  - an  ->■  j ui  v a 1 it 
radius  of  1 >1^  for  a stationary  inflow  in  circular  lay^c  with  *■!,- 
same  valiif-s  '/h/p.  The  equivalent  radius  is  defined  as  radius  ot  thi: 
ideal  hole,  stationary  inflow  to  which  in  layer  w i * h the  par  ameteis 
of  o u t ( r zone  is  equal  to  inflow  to  real  h c 1 <■>  i r heterogeneous  layer 
with  the  same,  the  pressure  differential  between  the  hole-  and  the- 
circular  duct. 
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T • x » 1 i r.  ••  I r i , ,1  the  1 ti  y *■  i whose  ; r m*-  al  il  i*  / i.-ai  ho  1 <■  ( i : 

cuhc  . 1 />'.•)  it  1 1 : ! i • i on.  ; • • i a t a l i 1 i ♦ / i r e x t i/r  i >i  , i : of  i r • .i  * 

[ i act  i i . : .♦  : . * . t . i i r < . of  util  lit  < and  in;  ,ruii  of 

I *■  t r o 1 • i •:  ; i . . x ■ 1 i iii  it..  . uli,.  ■ ij  ii.  > r t acne  ch.it.  t«  permeabil  it  y i r. 

cr  ir  icn  i . : ■ , . > .♦  1 i . it.  n f 1 y * at- y iioctedi: e if-  tor 
restoi  ; n/i  1 u •-  ; ,,[  iri  i per  > is.  in  t iu1  pet  viability  of  c i it  leal 
7ctu  , ar  * >.  t'tot  . * • lift-  i * if  'loatirent/aoi  kings;  f I us  hi  nq  ! y 
ac : 1 , t icn  •>(  . r icn  by  a * .«  m.  of  t ho  pumpirj  of  liquid  >jt.  i--i 

hiqh  pt  ...hi-  (hyi:  ntlic  i i sc  c r t i n u i r y / i n t o t r u p ti  on  of  liver)  or 

*>x  { lc?ic:.  (tn.Piio  r • > : *•  i r,  j ) , * ♦ t . 1 1 • 1 1 v«  r-t  i ga*  i or  >t  ..olfi-  h v * i.< 

net  ho’.  1 ♦ i*  i t’c  ivfty  cf  | tfi  i urt  Hikes  it  possible  to  explain  t •• 

i ■ • • c : . tit  >nsu* pt ion/pr < i uct ion/gen era t ions , i.  . , to 

detejirin*  a reluct  ion  in  Mu  permeability  fee  critical  ?one  ir 
c c m pa  i i . o t with  t ;•  | . rn  ■ ability  of  the  remaining  p art  ) i - h layer, 

and  su  1 a u on  1. 1 y - to  rate/estimate  t b < effect  i vo  ness  of  ♦ h<  works, 

cc  ml  uct'.ii. 


The  . xistence  of  vertical  and  horizontal  cracks  near  hole  leads 
tc  the  fact  tiiat  the  flow  is  net  i idial.  However  as  it  was  noted  in 
§3,  aft*  i certain  M^  after  the  teyinr.inq  cf 

dist  ur  1 ance/ per  t ur  ba,‘ i on , the  motion  of  liquid  rear  hole  is  close  »o 
stationary.  The  transiency  cf  irflcw  pronounces  only  at  largo 
distarces,  where  ♦ .e>  (lew  can  be  considered  radial.  Therefore  Mit 
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For  exdin[l<  t or  r v 'meal  crack  try  the  length  cf  2/.  p*  = as 

this  folio. s from  t hr  solution,  yi  v*-  n in  i,  Nc.  1.  A scrips  of  other 
problem.  of  inflow  *o  hole  with  rucks  in  critical  zone  is  solved  !y 
V.  A.  Kaximov  [ 7r>  ]. 


It  the  value  of  x, 
hydromonit ori ng,  then  on 
possible  tc  determine  p* 
calculation  of  output. 


is  known,  for  example,  on  the  curves  of 
the  curves  of  the  recovery  of  pressure  i *-  is 
- the  most  important  parameter  for  the 


The  analysis  of  the 


curves  of  the  recovery  of  pressure  makes  it 
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possible  ,:l.;o  to  i • v • <i  i / 1 1 • i *■  * H*  < i : t o t,  cl  Mi>'  hot "rojcneity  nf 
la  yet  tit  i >r  i list  nice.,  trem  I ole.  The  inert  isjertant  pro  lien  of 
this  t y | • is  tre  lot- ■ t m i i:.i  t inr.  ot  oi;.t  a nee  of  the  rectilinear 
boundary,  which  diviie.-:  the  r .i  r d of  different  per  t'»a  1 i 1 i t y . 


Th«  solution  cr  t hr  correi.fcrunq  {rctlcns  of  inflow  to  hoi*  i: 
led  in  i.  With  small  r,  i.e.,  lar-je  a,  the  runction  of  (T) 

takes  * h*  fora,  which  corresponds  to  uniform  layer,  since  always  a >> 
p,  in  curve  ‘lr  (In  t)  has  tie  initial  straight  portion,  which 

corresponds  t0  formula  (III. 4.  11)  tier  a unirortr  layer,  for  small  a it 
is  possi.lt  to  use  the  formulas  (Ill.'j.d),  (III.  1.12)  - (T  II.  1.  1 r> ) , 

trem  whicii  it  r cl  lows 
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(111.4.15) 


By  uriiny  asympt0rjc  t x ) I i;ss  i ons  for  K„,  wo  will  obtain 
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where  the  jivc-n  radius  p*  is  equal  tc 


a \ *» ♦ ** 


. Prom  formula  (I  II. '4.  17)  it  follows  that  with  larqe  r the 

curvel  T (In  t)  has  the  asymptotic  stiaiqht  portion  whose 


slope/ i ncl i na ti on  to  » h<’  axis  of  the  abscissas 
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slopf/ii,i:1  lnotioii  of  tayri*-  :t«  * wo  ^nrrr  if  mcif  t ti ) p in  iniform 

layer,  nid  p*  - V-pa- 

Eaqe  cr'. 

Thu.;,  by  comparirij  two  straight  portions  of  the  converge! 

recovery  characteristic  cf  pressure,  it  is  possible  to  find  the 

values  of  and  JL,  If  are  known  the  values  of  x or 

P*  f»  * 

p separately,  then  can  he  found  unknown  value  a. 


The  examined,  until  now,  methods  cf  study  were  related  mainly  to 
the  case  of  the  mo  nofonica  1 1 y changing  output  cf  hole.  .Tom«tini«s  is 
of  interest  the  study  cf  holes  during  ar  alternation  in  the  output. 
This  net  hot)  was  proposed  by  S.  Buzincv  and  I.  0.  Umnkhin  [ Ibl.  In 
this  case,  in  layer,  appear  the  pressure  waves,  analogous  to  thermal 
waves. 
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Lo’  j.  cisuni"  ’■h.it  the  out  | ut  of  hole  in  uniform  infinite  layer, 
beginning  with  t.  = 0,  changes  according  to  the  law 

q q„  sin  <*»/. 


. Thus,  is  required  tc  find  the  scluticn  tc  equation  (ILI.2.1), 

satisfy  zero  initial  conditions,  and  also  condition 
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)l  \ t)r  ] r-p 


si  n (i it. 


(in/t.is) 


. Utilizing  a transform  of  Laplace  P (t,  o)  , we  will  obtain  that 

P must  satisfy  an  equation  (111.2.1)  with  boundary  conditions 


CCC  = 7 1~  0 <.  1 Hn 0 


i'  a i ; f 


/ 7 * 


2nkh  (IP  1 ffaio 

it  ^ (lr  r-p  n*  o)2 


(III/i.JU) 
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. For  the  lomj  tinea  wlif-r 

(r,  o)  it  is  simplified: 
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. lot  i^  -rmin  in  j original  frcn  ifr.ag*  (ill. 4. 21)  wr>  will  usr  the 

theorem  about  fold,  which  gives 


p(l)  -JZkKVW  2Texp(~  457  )«n  «(*-»)*. 

0 

(III.4.22) 


. Us,  however,  interests  a change  cf  the  pressure  in  ot  hclts  e 

with  r - p.  In  all  in  practice  interesting  cases  the  period  ot 
fluctuation  2»/u  consilerahly  exceeds  character ist ic  time. 
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Then  function  i (o)  can  he  approximately  presented  in  the  follcwinq 
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j ti»-  a-  n 2 (o1  (T-  \x 


oi  i iii.-i  1 or  second  tc  rro  is  -4- In -ZiL  sin  nW. 

2u>  Ax 


For  th<- 

calculation  nl  t r.-  oi  i | i r.a  1 ol  f ii : t * * • r ;r , aiair  «<■>  will  usr  t 1. 
t h f-oi  ?r,  foil  ar  i toi  r 'll  a If  1 i T ] - - ( 1/  a ) In  ya . Then 


«p  (/)  * \ In  t coso)  (/  — t)</t In sin o)/,  (111.4.24) 


tihenct  it  is  possililt  tc  cl  tar:. 


/’ (p.  1) 1 j^sin u>/  Ci  (u >/)  — cos «>/  Si  (w/)— sin  u>l  In  4-  ——1 , 

(HI. 4.25) 


nhcrc  C i ( u t ) and  Si  (ut) 


intogta]  cosine  and  fine  (s  >e 
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. From  (II I.  4.  2b)  it  is  evident  that  j n the  course  of  time 

pressure  change  in  hole  becomes  sinusoidal  with  period  2m/w.  The 
last/latter  te:  m in  orackets*  which  expresses  the  effect.  of  the 
initial  conditions*  can  be  <iisi  ugarded  already  through  2- d periods, 
kith  inspect  to  pressure  change  in  hole  possible  in  accordance  with 
formula  (111.4.2b)  on  amplitude  and  phase  displacement  fluctuation  of 


roc 


7b  04  1 H f>  0 


■>  AO  f 


/7V 

I tK>r.  ui  * (ii  cfiijMi  i . mi  no.  tt'<  j ' : . i * • rf  h**  variation  of  oat 
t i i.  >i  th«  vtlu  of  •;  v i nr  ( i’’  ij  i t i v i * y a n i riuif  *.»r  of  (|Z/X- 


:.ut)  to 


^ J 


1 


l.ct:  = 7fi  0 r.  1 8f>  0 


p Ai;i 


AH-v  iiu  K4-I  »i  ) I i K f ■ ■■ / r — -t-  i i i.  . ' i A 


— 1 


_ll  : .1  fc-i  . ■ . . i- — i 


Pages  r7-  n . 


Chapter  IV. 

NO  NL  I N t A i-  i V A F I A N r Pi'ODI.FFS  01  Till:  UNSTEADY  FIITPATION  OF  LIQUIDS 
AND  f J ASF  :> . 


tjl.  i»eii»'iul  characteristic  ct  the  invariant  problems  of  the  theory  of 
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un.str  i y t i I ♦ r > t ; on . so  1 1 -s  i iri  1 t r flat  trf  f-f  lev  motions  on  t h c jnro 
i r i 1 1 a 1 1 <-  vc  1 at  1 i : i i 1 . 

1 . i : • i • t . i : . ♦ i < of  t h e invariant-  p>  r o h 1 hit.  sot  »hc 

theory  • j : t , , ; y • i ! - 1 a t i c I;.  I r chapter  II,  it  w j s oh  own  1 1 a t t h* 

fa.i'  j r •>:  ♦ . ::  y : ro  1 vran  ic  theory  of  unstealy  filtration  1 ca  1 

to  th-  ’am  iary/a  ).,  aixri  or  initial  problems  for  nonlinear,  as  a 

rule,  part  tl  a i f - : • > ■ » ia  1 ooua  t ions  parabolic  *y  pe.  nonlinear.  ity  is 

generally  rn  a fact  or  j t j,-  tor  cany  urgent  tasks  cf  the  contemporary 
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nathenat ica 1 physics  generally  and  the  nechanics  of  continuous  media, 
in  particular)  have  already  have  lenj  drawr  attention  the  peculiar 

particular  solutions  «r  h i c:  h are  expressed  as  the  functions  hv  one 

* 

variable.  At  iirst  these  solutions  focused  cn  t l-Hrselves  attention 
cnlv  because  their  chaining  was  reduced  to  the  solution  to  ordinary 
equations  and  was  roprosented  (especial  ly  in  pre-computer  era) 
simpler  than  the  solution  to  ecuations  in  the  partial  derivatives  in 
the  genet  il  case.  During  the  ccnst ruct  i cn  cf  the  different 
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a^roximu  ion  m-thol..  of  sclnt  ior.,  mere  cc  n iron/genora  1/tota  1 , ♦hrr-o 
sclu*ion.  ire  juuitl  v w-*i‘  utilized  do  standards,  making  it  post  il  lc 
to  ca  te/-'.j  t i mat  e the  accuracy  ot  method.  (lh«  approximation  method: 
ct  analytical  solution  retain,  especially  in  filtration  theory,  ’’heir 
vd  lup  ani  now,  during  * he  wide  introduction  of  machines,  sire--  these 
methods  4 i vo  the  analytical  formulas,  which  make  it  possible  *0 
visually  * race  the  efrect  cf  t he  aiffetont  [lramoters,  but  h i.j  h 
accuracy  in  filtration  theory  dees  not  represet t special  interest. 


Page  *5 h . 


These  methods  will  be  examined  in  the  following  chapter.  ) . I r.  a 
number  ot  cases  of  the  tasks,  described  by  such  solutions,  ’■hey  are 
ot  independent  interest. 

However  the  main  value  ot  such  solutions  was  realized  later.  It 
turned  out  that  they  are  the  asymptotic  representations  of  the 
solution*  of  the  very  broad  classes  of  tasks  precisely  where  ‘he 
detailed  structure  cf  boundary  and  initial  conditions  ceases  t0  be 
essential,  and  these  targes  frequently  they  are  most  interesting  (for 
example  af*-er  certain  time  alter  the  beginning  cf  selection  from  hole 
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until  t h v funnel  ot"  depression  achieves  the  rai.qe  of  tn"  on 

adjacent  holt  etc.).  The-refore,  kncwina  such  solutions,  we  actually 
cltair  possibility  to  ) u<;q<  , at  leas*  qualitatively,  the  behavior  cf 
the  very  broad  class  of  filtia+ion  mcticnr. 

The  important  property  below  solutions  in  question  is  he  i t. 
invariance:  for  sons:  of  these  solutions  - "self-similar"  - th° 
d i s t r i 1 u t i on  of  pr  • ; s u res,  p re  s s u r e ht  « is,  densities  <■>  t r. . turns  out 
to  Le  always  similar  to  itself,  tor  ethers  - is  moved  as  s:ili  1 a* 
constant  velocity  etc.  This  property  is  connected  wi*  h the  special 
chaiacter  if  the  tasks,  which  lenj  tc  such  solutions.  The  execution 
cf  the  determined  transforms  of  the  dependent  ard  independent 
variatlos  leaves  equations,  the  boundary  and  initial  conditions  of 
task  by  con stant./in variable.  As  they  speax  in  mathematics,  these 
tasks  are  invariant  relative  tc  certain  ptcup  cf  continuous 
transforms.  Such  task;.;  are  called  invariant,  they  are  examined  below. 

Self-similar  flat  free-flow  motions  on  the  zero  initial  level 
cf  liquid,  ml  ill  be  examined  below  the  exact  solutions  of  some 
nonlinear  taskr  of  unsteady  filtration,  which  ate  characterized  by 
zero  initial  condition.  The  study  ot  this  class  of  motions  is  of. 


besides  direct 


also  fundamental  interest 


since  in  similar  tasks 


rcc 


7 1'  0 r;  1 rtbO 


P At,  !• 


most  stioi  1 1 y i exhibited  th<  substantially  ncnl  inoar  character  of 
the  problem  in  qatr/ion  and  art  detected  scire  y roper  ties  of  nonlinear 
motionr,  which,  s.iiarply  differ  them  fron  the  a y.  y ropriito  linear 
ard  unavoidably  lost  during  linearization. 

Fr  : a certainty  luring  th«  in  vest- i gat  icn  cf  tasks  wi“h  zero 
initial  condition,  we  will  examine  free-flcw  flat  filtration  motions 
in  initially  dry  soil,  bearing  in  mind  that  on  the  sTergth  of  that 
discov,  r- 1 ay  L.  s.  L-yhenzcn  analogy  (son  chapter  TT)  all  results 
directly  they  are  * : ransf erred  iy  the  tasks  ci  ♦ he  isothermal 
filtration  of  gas.  I n this  paragraph  the  solutions  stated  below  were 
obtained  by  d.  I.  Barentlatt  [u,  S,  g ]. 

Lot  us  jx.mnt  tne  seat  1-1  nl  l nit.o  layer,  w 1 ic  h has  from  below 
f lat/|  Ian*-  horizontal  i ro  y e tie  t r a 1 le  bcurdary  - confining  stratum,  ar.d 
from  the  side  of  channel  - th-  flat/plane  vertical  boundary  (Fig. 

IV. 1),  perpendicular  to  X-axis  and  passing  through  point  x = 0. 
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Ii  t h cast*  of  the  filtration  of  gas,  th»  formal  it  ed  ♦i..k 
answers  th“  j uwpin  i >f  gas  into  initially  the  i c*  filled  uniforn 
layer  of  constant  power  during  a cnanu*  cf  the  pressure  of  gas  i r t h* 
initial  ruction  or  layer  x - 0 according  tc  the  law  (IV.  1.  1).  The 
lines  of  * mal  pressure  heads  will  to  lines  x = const,  parallel  to 
the  boundary  of  layer.  Thus,  | r^ssuce  head  h (x,  t)  it  satisfies  at. 
equat icn 

a = — «, -h,±K.  (IV  1 2) 
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, - o t n o 

initial 

con  ai 

-ion 

and  comli-ior 

at  infinity: 

h (x,  t0)  = h (oo,  t)  = 0.  (IV.1.IJ) 


. ii"a(i  at  certain  point  ot  layer  h depends  on  f he  following 

arguments:  coordinate  x,  the  tine,  passed  from  the  beginning  of 

process  t - t0  [on  th  ■ strength  oi  the  uniformity  of  equation 
(IV.  I.i)  on  tiie  tiit-  pressure  head  will  depend  only  on  difference  t - 
t0,  but  rot  on  values  of  t and  t0  individually],  coefficients  a and  a 
and  constant  a.  Introducing  for  a convenience  the  independent 
dimensionality  ot  pressure  head  (this  pcssitly,  sir.ee  for  the  fash  in 
question  i*  is  unessential,  that  the  dimensionality  of  length  and 
pressure  head  are  identical)  1 , we  will  obtain  the  d ime  nsi  cr:al  it  y of 
these  arguments  in  -ho  following  term: 

|«1  - |*rw*;  | t-rtn]  = T\  1*1 -A;  l<y]  ==  [/»]  7*— . (IV.M) 


where  through  [h],  L and  T art  designated  with  respect  to  the 
dimensionality  ot  pressure  head,  length  and  time;  constant  a is 
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FfClNOTfc  >.  Actually,  in  this  case  it  wcu  Id  he  possible  instead  of 
pressure  head  h to  introduce  proportional  tc  it  pressure  of  the 
lottrir  of  layer  hp  ),  which  would  r.ct  b<  retlected  in  remaining 
1 ining/calcu lat.  ions  . ENDFCOTNOTF. 


From  tie  arguments  or:  which  depends  the  liquid  head,  it  is  possible 
to  contuse  only  two  independent  dimensionless  cembina  tions : 


$ = «±‘ 

* V a oil  — 


a. 


(iv.i.r>) 


. Page  60. 


On  the  strength  of  the  ^-theorem  of  dimensional  analysis 
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exj'rps:  i . f oi  a j>i  •■ssur*  can  he  f .“SPr.tf!(i  in  the  form  of  tic 

(todoc  t of  the  coibinaticn  oi  - 1 i dete  r sin i nq  far  a Biters,  which  : is 
the  d imensi onal it y c‘  rtTSSum  heau  fat  it  it  it-  possible  to  tali 
o (/  — /„)•),  for  d i m ph  , i cn  1 1 st  function  of  d i me " si  on  l«ss  combination 

( I V . 1 . S)  . we  ha  ve  thus 


h = o(t-t0)'f(l,\y,  X = a/(l  + o),  (IV. i. 6) 


where  1 - the  dimensionless  function,  and  the  parameter  X is 
introduced  instead  ot  tnp  para  meter  n fer  convenience  in  the 
subsequent  presentation.  It  is  obvious  ♦■hat  x it  li“/rests  at 
intejval  -1  < X < 1.  * ->  have,  further,  cn  the  strenqth  of  (IV.  l.n) 


TT-  “ « ■ - «-  / (5,  X)  ■ - . (,  - ,.)■  i±i  , / ^ 


iZ. 


(t  — to)»*(g+l) 

d*2  = oa  (X  — f0)*+I  d£a  ' 


Substitutinq  these  r ela t ionsh i p/ rat i cs  in  equation  (IV.  1.2) 
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and  simplifying  * w-  obtain  for  functicr  f the  ordinary  lif  f oroi  *- ia  1 
equation: 


d'f 

dV 


(IV. 1.7) 


. After  the  subs*-  it  uticn  c ! expression  (IV.  1.6)  into  boundary 
condition  (IV.  1.1)  and  condition  (IV. 1.3)  we  cltairi  for  function  f 
(C,  X)  the  boundary  conditions; 


/(0,X)-1;  (IV.  1.8) 

/(oo,X.)  = 0.  (IV. 1.9) 


The  pressure  head  and  the  volumetric  flew  (flow  rate)  of 
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(IV. 1.10) 


. I mj:  , front  t r>  re  quire mt  nt  for  the  continuity  of  flow  r-a  t‘- 

fellow:  'he  continuity  of  function  df^/df. 


With  continuous  function  r (t)  anc5  f ^r~  0,  requirement  for 

the  continuity  of  fmc'ion  cf?/dg  - 2fd£/de  coincides  with  the 
requirem-  1. 1 lor  the  continuity  of  derivative  dt/df . However,  wi»L  f = 
C ct  continuity  df-Vif,  continuity  df/df  does  ret  escape/ensue.  On 
the  contrary  as  let  see  further,  the  unkr.owr.  function  t (?,  \)  i' 
has  at  the  point  where  t becomes  z-ro,  d isccnt i nu ity/inter r upt ion  of 


first- or (!<•:  derivative. 
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j xh  (x,  t)  dx  = a/»s  (0,  t). 
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• Integrating  this  relat  ior.sh  ip/r  at  io  within  limits  from  t = t0 

to  t and  utilizing  a boundary  conditicr  (1V.1.1)  ami  a representation 
cf  solutior  (IV«1«f>)#  we  have 
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(recall  that  we  consider.  a satisfying  intquality  - 
whence  wc  obtain  the  unknown  condition  in  the  term 
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lr  t(<  which  mt*  rests  ns  range  c:f  c hangs  or  ari  X *11*-  r i j:  t 
( I V . 1 . 1 1 ) r r,  t in  a 1 and  j os  i t i v< . 
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1-  H) 

an  d 

(IV 

. 1. 

11),  con  t i n uo  u : a r 

g cor.l  inuour;  Jfi  ivuMvs  cf  square.  Le+  us  rote*  that  the  equation 
.7)  is  invariant  rtlat  ivf;  »o  transformation  group 


°(Z<  n)  = n'V(n5,  \), 


(LV.J.J2) 


if  l (£,  m)  satisfies  an  equation  (IV.  1.7),  t^f,  also  o (f, 
t i : ■ f i • • s thii.  e qua  t ion  with  arhitrary  pcs i t i v » p. 


h. 


property  of  equation  maker;  it  possible  tc  lower  its  order.  Let 
rum*  aocordinj  to  general  rule  (fer  example,  see  [Si,  page  9 1 ]) 

/(S.  M-6*9(t|.  M,  ’I  = In  5,  (IV. 1.13) 


then  equation  (IV.  1.7)  will  come  tc  seccnd  order  equation  rel>itive  to 
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the  tui.ct  icn  of  <P  (■»!),  net  cor*  lining  tht  independent 
alter  u»  ir.<j/vdriabl<? 


w"  + 6«p*+ W +<p'*+ y (J  - xj  «p  + \ <p'  = o.  (i  v.i  M) 


. L y SHt/asr.ux  iikj  further 

(I  V.I.  15) 

and  cy  accepting  t>  as  i j.ucrciuie  r t variable,  we  will  obtain  tni 
function  first-order  eouaticr: 


5 = _^[6^+7^+*,+V^+t'1’]*  (iv.m«) 


. T h*1  investigation  of  this  equation  is  carried  out.  by  usual 

lethod  (for  < xa mpl  e , see  V.  V-  Stepanov's  tcok  [111]).  Since, 
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obviously,  th>  | r u i c head  j ■ Krcwinqly  r cn  n e ca f i v , funct  ior  f 
aim,  tU'Lctoro,  fm.mon  * att.  also  ncnne'ja  ti  v<  , so  that  t h<-  which 
interest-  us  lanje  } r plan*3  <(")’  is  the  r iqh*  n a 1 f- fl an<*  (nee  Pi  t. 
IV.?)  . 


Nf  1 1 

(IV.  1 . 16) 


axis  'I1  (i.e.  that,  «!<'rf  * is  sail!  eve n ’i’  >>  *) 

is  cecord/wr it^er  as  to! lows: 


p qu  a t io  r: 


-2-=-^(tJ>  + {)  + °(l).  (IV.1.J7) 


. Th.it  means  with  snail  * and  t|>  > - 1/h  the  integral  curves  h-iv» 

large  negative  slop e/incl inaticn,  with  i|>  < - 1/ h - large  positive 
slo{.p/iricl  ination.  ay  integrating  equation  (IV.  1.17),  v->  will  obtain 
♦ hat  near  *.xis  V’the  integral  curves  are  represented  by  formula 
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where  C i:.  the  constant  of  integration,  different  ter 
integral  curves.  For  the  study  of  the 
the  vicinity  or  tho  origin  of  coordinates,  let  rs 
beginning  art’  direct/straight  ’I5  = rc*  let  us  exanine  the  behavior  of 
integral  curves  on  these  straight,  lints  near  beginning.  We  hav*  on 
straight  line  ▼ = near  beginning 


+ (IV  1.19). 


so  that  with  in  > ir  0 = -2 
integral  curves  is  great 
positive. 
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(IV.  1.20) 


therefor  near  this  axis  *ho  slope/i  rcl  in  at  ion  cf  integral  c urvos 
reverse.  the  sign,  goi  ng  tc  infinity.  Thu;,  integral  curve 
first-order  equations  ( ' . 1 . 1 t ) take  t h <->  term#  dep i ct  e ) on  H ) . I V - 

Cependiiii  ci  ’•hat,  is  positive  t oi  negatively,  ’ ht-sf  i nteqral  curves 
arc  d iv  iiie/marked  oft  i.itc  two  classes:  I i r.  1 II.  Equation  (IV.  1.18) 
shows  that  not  one  of  the  integral  curves  I class  (C  > 0)  and  not  one 
cf  the  integral  curves  II  class  (C  < 0)  not  transverse  axis  t|>  at  the 
end  pcin-.  The  curves  1 class  near  the  crigm  cf  coordinates  approach 
agree  irnt  with  straight  line  r|>  = m0*  = - 2*/a*1,  so  that  near  the 
origin  of  the  coordinates  cf  plane  <p'l>  these  curves  satisfy  an 
e q ua  t icn 

*r- “TTT'P  + 0(<P)-  (IV.1.21) 
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Integrating  this  equation,  we  of  tain 


ln<P  = --J—T1  + In  £>  + .-.=  — •j~j-ln|  + ln  D . ... 

(IV. 1.22) 

■ T)-z>r^r,  x 


where  U,  the  constant  of  integration,  and,  dots  they  mean  the 
negligible  low  values. 
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Ft  on  (IV. 1.22)  i*  i:  evident  ♦ U it  with  apj roach  a 1 on  y ♦ fe- 
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f = Dl*a-{-  o (£*»).  (IV.  1.23) 


F u it  her,  with  snail  ^ ter  integral  curvof  11  cltr.s  wo  hav 


«P’I>  = fP  ~d~  = C + 0 (q>)  (C < 0). 


(IV.J.2V.) 
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i v i * jrati  n j *■  I.  i * } tat  ion,  w will  ci>*a  in  rel  it  ion  ;hit>/rut  i 

«P5  = 26ih-/?  + 0( 

w h ic  1 i * shows  that  the  »i  regains  final  wit  1 ^ u , i . • . , w it  1 * 

C fci  *!►  appropriate  integral  lulu-;;  c f s-con*  order  • iua  t ion  f , i* 
remain:  i i r 1 1 . Having  r.  1.  i ; i v tern  and  tcansT«  i/cervoi  » mg  lr. 
r e 1 a t i i it  h i ; •/  r a t.  i o (IV.  1.24)  to  rl ter  no t in  { v a i i a i ■ 1 ■ * , F , w c ! * a i"  , 

that  with  . in  11  f tie  co  r re  s [ oi  n i r g i n t c j r 1 1 c u r v • II  cl  i > l 

second  • ■ ; j uat i . ( I V . 1 . 7)  sa t is f y re 1 at  r L p/rat io 


4f-2C5»  + 0(/).  (IV. 1.25) 


. Integral  curves  I and  11  classes  oi  the  equation  ot  t h-  nrs* 

order  (iv.l.lh)  are  divided  with  the  inteqral  curve,  which 
corresponds  by  C - 0,  which  neai  axis  'I*  is  represented  by  cquatioi 
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. Transfer/con vert  iny  to  a 1 ternat.  i ng/ var  iah  le  £ and  F,  wo 

cltain,  that  the  divining  curve  with  snail  i satisfies 
relat  ionshiu/ratio 


7(  = -^  + °(/).  (IV.J.27) 


. The  systems  oi  the  integral  curves  cf  second  order  equation 

(IV.  1.7),  that  tan  e different  Values  with  £ = 0,  they  ate  obtained 
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ciih  of  another  by  similarity  1 1 ans  f orma  t ic  n (IV.  1.12).  Thus,  s u m ir  i n i 
up  e vei  y * h i ng  said,  we-  obtain,  that  integral  cuive  equations 
(IV.  1.7),  which  satisfy  condit  jcr  (IV.  1.8),  arc  arrange/loca  tod  as 
follows  ( F i g . IV.  J).  The  curves  I class  with  c— y ■»  chan  qe  accordin'? 
to  the  law  of  1 ~ D (D  j*  0 - the  const  an'",  different  for 

different  curves),  whereupon  not  one  of  these  curves  not  at  one 
point,  it  clear  and  not  the  transverse  axis  of  abscissas.  it  is 
obvious  that  not  one  or  these  curves  i s unknown,  since  not  one  cf 
them  satisfies  condition  (IV.  1.11)  — for  each  cf  them  the  i n tr-  q r a 1 of 
diverqes.  py  e xce  pt  ion/el  i ir  i n a t i c n is  the*  case  i = 0 

u 

(examined/considered  is  below),  for  which  all  t he  curves  I class  have 
horizontal  asymptotes-  Figure  IV. 3 depicts  the  case  n > as  0. 
Remaining  integral  curves  (curves  ij  class)  the  transverse  axis  of 
abscissas  at.  the  end  points*  th*  y approaching  t h«  axis  of  atscissas 
at  rijht  angles,  since  f cr  each  oi  these  curves  the 
telat  ionsh  i p/ratio  (IV.  1.25)  gives  with  small  f 
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. Sin  co  t hi  li  jiiiC  head  according  to  the  physical  considerations 

cannot  be  negative  *,  it  is  d that  t ho  unkr.cwn  function  f (t,  X) 
must  hv  any  form  be  combined  from  -he  integral  curves  or  equation 
(IV.  1.7),  not  belonging  to  I tc  class,  in  their  that  part  where  these 
cuives  a l e arrange/located  above  the  axis  of  atscissa.s,  ar  1 frem  the 
very  axis  of  abscissas. 


FCCTNOTF  1 . Mathematically  this  is  the  const juerce  of  the  fact  that 
for  equation  (IV.  1.  2)  is  valid  the  principle  cl  the  maximum,  in 
accordance  with  which  solution  cannot  turn  cut  to  be  negative  under 
positive  initial  and  boundary  conditions,  fc  ND  F CCTNOXE. 
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lc  to  t ho  l~-ft  , whore  function  f ( f , x)  a:-  cepi^spiif  i ly 


certain  curve  II  cla...,  we  attain  )t  tie  s'renutt  of 
r e la  t i cn.ih i p/ra tio  (IV.  1.25) 


. The  1 iscont.  i nui  t y/ir  terr  upt  ion  of  value  rif?/df  corresponds  to 

the  d iscont  i nui  t y/i  r.t  er  r upt  ion  of  fluid  tlcw,  which  contradicts  the 
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?y  t'v  ink  now  t:  o’irv<  r.  f equation  (IV.  1-7),  ♦ n.ir  satis!  i-* 
condition  (1V.1.8),  by  t h<  cor.t i nuco:  .i  • i possess ing  conti  nuou s 
derivativ  »*  square,  will  be  the  curve!,  consist  irq  of  out  in’-  ii,tl 


curve  , 
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Function  itsolt  i..  continuous  by  ccnr  t met  ion ; is  checked  * he 
continuity  )f  lerivative  cf  square  at  joint  of  intersection  E - F(J 
(in  r 1 iru  i r.  i nq  points  *his  continuity  dees  net  cause  doubts,  since  the 
integral  curve  consists  of  tu  sect  icnr  cf  smcctl'  curves),  fe  it  j, 
approach  to  point  f = c 0 to  the  riqht,  where  integral  curve  is 
repres-n * '1  by  th<>  axis  of  abscissas,  the  limit  of  (dp/dl) j-t.-o  is 
equal  to  2erc.  With  approach  tc  point  f * t0  tc  the  left  the  limit  is 
equal  (<?/*/<*  &)(«!,-•  - (Jdf/dlh-l.-o  and  on  the  strcrqth  of  (IV.  1.27)  is 

equal,  i.c.,  V«  =-  "• 


roc  7*  ' , ' i jf.o  . a i; t 

Fa  qe  . 

Thus,  i o i rtut  which  «uc  constructed  the  cuived  derivative  if^/’F 
ccr.tin  uc  u - . 

Lf  t uc.  show  now  th.it  the  constructed  inaction  satisfies 
conditio?  (IV. 1.11).  L >t  us  mu  1* if  lv  ! c*h  rar  tf  of  the  equation 
(IV.  1.7)  or:  F aril  i at  jrate  within  limits  from  f = 0 to  € = - (or, 
that  the  same,  to  F - f0,  since  with  £„/(£,  = 0).  M ° 

will  eft. i in 
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(IV. 1.30) 


riut.  on  the  strength  of  continuity  f and  df?/dF  wo  have 
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no  o 


o o 


whence  ri  r < i from  (!</•  1.  30)  ottdii 


J i/d,  x)dE-J?/(6.  rnr.  (iv.i.3i) 
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i.e.  f unct.  ion 


( t , X)  it.  satisfies  the  condition  (IV.  1.11), 


Thu: 


function  r (I,  X)  it  differs  frcu  ro  only  with  £ < 6 
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ana  with  f.  : n i f0  i * i ; identical  1 y »•:  mil  t.  c zero.  It  goon  wit  bou  t 
sayino  ♦ t >•  vain-'  f„  .!  • rah.  or.  the  pirann-tet  x.  At  j.oj  ;,+  f - F0, 
funct.  icn  f ( F , X)  hi.;  a .1  i rcor.  t i n u i t y / i r t r t u r t ion  oh  ‘ ir:»*-oi  i<  i 

(I  e r l v 3 * i v < ' 1 . 


FCCTNCTi  • . Thu:;,  t h>-  obtained  sclutioi  a (x,  t ) equat ion  if  ♦ h » 
fait  Ml  Jarivativt':.  (IV. 1.2)  it  hat  a derivative  l i scon  * in  u i t v d 1 / i 
and  th'Ht  fore  id  r.  or  th‘-  soluricn  *•  o r i is  equation  in  classical 
sense,  hut  represents  the  genej.  a li  zed  sc  lut  icn  to  this  equation 
acccrdin  ; to  S.  P.  Soholycv  [107].  FNDFCCTNCTF. 


From  the  r e j u i re-  mo  n t ter  continuity  f and  df2/de  and  for  the 
unique  ness  theorem  the  sclui  ion  to  differential  equation,  i *" 
follows  that  during  r ecu  | os  it  ion  cf  f uric  tier  f (c,  X)  the 
cementing  cl  the  different  integral  curves  cf  equar ion  (IV.  1.7)  can 
be  produced  only  at  the  points  where  f = 0,  whence  directly 
escape/ensues  uniqueness  the  constructed  hy  us  function,  i.e.,  the 
uniqueness  of  self-similar  solution  ?. 

FCCTNCTF  ?.  Relative  to  the  proofs  of  uniqueness  in  sel f-s  i m i 1 a r 
ncnlim.tr  problems  if  is  possible  to  make  the  following  generality. 
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7h*  ii  i v < i reasoning  ( i i a r.al  o«joii  reason  i ngs  for  of  hm  * asks)  , 
which  : i ( > v • uni  qu>Mic..  the  roiu  tions  ♦ c bound*  t y-  va  luo  ^.r:)!  1 or-  for 
ordinary  ••  g nation,  car;  . *rv  or  1 y a - proof  of  the  'ini'i'i-n^ss  or  th« 
st  1 f - : : ;r ; 1 <i  r solut  lens  c t t ho  j rot  lers  in  question.  The*  vory  proof  of 
the  so  mi  la  lit  y of  so  1 uti  or..  , emanating  r r e n t h«»  a|  pro  j i ii  t 

settir  of  LounJiry-vj  iuk  problems  and  hared  or  rr -t  hoorein  , rests  cr- 
ass uir  j t :or.  it  out  the  fact  that  th<-  scluticr  car.  depend  only  or.  -ho 
d l irons  ior.a  1 { aramotet:.,  which  enter  the  equations  an  1 the  boundary 
conditions  ot  rash  (in  ether  words,  it  is  assured  -hat  -he  system  of 
the  specifying  parameters  is  complete).  Thus,  automatically  art 
eliminat'd  ill  the  possible  families  of  solutions,  which  a re- 
characterized even  any  f i ire  r.si  cna  1 par  a tie  to  ts . It  is  possible*  to  give 
the  el  iii‘ '-n-ary  example,  which  well  illustrates  this  fact.  Solution  to 
the  equa-ion  of  the  thermal  conductivity  ct  oau»*  = ut  under  -he 
conditions  u (0,  t)  = f!  = ccnst  and  u («,  t)  = C Knowingly  not 
singularly;  however  as  ret  difficult  tc  show,  the  self- similar 
solution  of  tnis  problem  singularly.  The  conpleto  proof  of  the 
uniqueness  of  solution  in  the  natural  lei  the  tasks  in  question  class 
cf  functions  requires  even  for  the  sel  f -s  i ir  i 1 a r problems  of  the 
enlistmer*  of  supplementary  considerations.  E N r FOOTNOTE. 
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. A - i les  (IV.  1.  12)  tact  enough  converges  on  all  cut  0 < r .<  1 ; 
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/(0,  X)  = 1 = _L-O(0,  X)  = ±N(\),  (IV. 1.35) 
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Valu<-  ‘5  (!*••  pinning  with  which  f (f , X)  cl 
it  to  consider  t h it  the  XV  ((..a,  f,  X)  cf  = 
whence,  an!  aLo  from  (IV.  1.34)  it  follows  that 


= 0)  is  oh*  ai : °'i 


0 w he* n )jgf  ^ 1 , 


Mo 


(IV.  1.37) 


- The  function  of  <I>  (F,  x)  and,  therefore,  of  Y (F,  x)  is 

determined  by  the  addition  cf  « series  (IV.  1.32)  or  by  numerical 
integration;  knowing  ^ = ^0,  it  i<  possible  thus  to  calculate  t (F, 
X)  according  to  formula  (IV.  1.34).  The  results  cf  calculations  f (c, 
X)  fci  d series  of  values  X,  arc  brought  in  Talle  IV. 1 ami  TV.  2 and 
are  giver,  in  Fig.  IV. 4,  but  in  t-i).  IV. 5 art  represented  to  function 
F 0 (X ) and  to  MX)  = i f ? ( C , X)/dF. 

We  set  that  the  carves  ot  f ( F , x),  appropriate  X > 1/2,  arc 
directed  by  concavity  tpward;  curve,  appropriate  X = 1/2,  it  is 

broker  line,  comprised  of  two  straight  lines;  with  X < 1/2  curved  1 
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0.6714 

0/.0 
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0,75 
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0,45 

0,9680 

0,80 

1,176 

< >,  i r> 

0.7538 

0,50 

1,0000 

0,85 

1,203 
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0,7925 

0,55 

1,031 

0,00 

1,229 

0.25 
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0,G0 
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0,95 

1,255 

0,30 

0.8G61 

0,65 

1.001 

1 

1,00 
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l i met i on  * „ ( a • • >»  . illy  jrow/r  ises  * i*  ^ lecreas*  a , 

stri  v«  t '-z  i r i i n i * .•  w : * ; x , ■ i.  <i  - i p pr oac  he ■ - 1 (:•;  ol  u*  i oi. , whirl 

cocro;  ;o"  i:  x -1,  t i ■■  v.  i 1 1 l«  examined  1 «*  1 c w ) . 

r.  Fui  iamortal  cl;  .i  ract  *■  i i.«t  ics  c:  t hr  i n vr  st  i on*  e i .sc  If in  i I«i 

solution  . T r a n 1 -*  r /<  on  vr  1 1 i r.  • , *ro»  fupetior  f (r,  x)  to  limit  a road 
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Ct 
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l respond  zero 
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condition;  it  essentially 
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cl 

mu  la  t i on  of  fc  p 

problem 

or 

flat  tree-flow  motions 

t r op. 

th<~  task 

c 

• r 

connected  with  t 

i.  c 

classic 

a 1 

linear  parabolic  equations. 

lor  wild 

9 

is  is  knowr , i * 

occurs 

t l.< 

infinite  velocity  oi  [i 

opaqa  tin.  or 

th 

e ]oa  1 in q ed  io  of 

the  die 

lulled  i a n je. 

III:  special  f ea  t ure/  j ecu  1 i n r i t y vis  rtveal/rt*  ♦•>ctHd  tor  t hi 

first  t l ir»-  in  works  Yi.  cf  E.  Zeidcvich  and  A-  f.  Kompanoyts  f 50  r nna 

G.  I.  Barenblatt  [a]  by  the  in  vest iqaticn  ci  lifforent  self-similar 
so  1 u t ion.  . 
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Pare 

n 1 1 at 

t a n 
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f t ilC 
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CC  i t y 
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f rent/  lo  ad  i r. ) 

t>  o u n -1  a 3 

- V or 

t he 

cist 

u r fc  e r 

range  ter 

t (if 

tasks 

of 

flat  tree-flow  motions  (and  also  the  bread  class  o*  mor^ 
ccmion/jt  noul/tot.  d tasks),  corresponding  to  r h«  initial 
distt  lbut ions  ol  liquid  head,  identically  e qua  1 to  zero  outside 
certair  finite  domain. 

The  coordinate  of  the  driving  Leading  edge  of  liquid  for  the 
self-similar  motions  in  question  is  exfressel  t>  formula 


*,(0-5./SESEE 


(IV.  1.30) 


(since  leading  edge  it  corresponds  f 


J0;  recall  that  the  jar  a me 
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a and  x ir<  connected  t f^ten  themselves  ly  r e 1 at  ionsh  i p/r  a*-  io  X - n/ 
(a  ♦ 1))  . Tin5  velocity  ct  [ ropa  <j  a t i cn  cl  leading  elgo  v0  is 

te|tottntei:  by  i e 1 a t i on  sh  i i:/rd  t io 


*>•  = y E.  (a+i). 


. In  particular,  when  pressure  head  cn  the  boundary  of  liy°r  is 

constant,  i.«.,  a = 0,  then 


*#(0=2,286  1 /ao(e-t0);  v0=i,U3  ]/~ 


(IV.l/iO) 


/Hither,  for  the  total  volume  of  liquid  in  layer  M on  'In1 
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tasi;  or  < i'i*rioio.  (IV.  1.  c)  n u (JV.1.C)  is  obtained  followin')  of  t‘"> 
express  ion : 


oo 

f » 

M=\  *nh  (x,  t ) dx  = 
0 


net  ^ j 

mg  ‘Og*/*  (I  ~l„)  2 a 


/(£. 

(IV.1/.J) 


a ini  n r Ini']  rlow  wr-i.  :<  = 0,  i.r.,  for  the  velocity  of  influx  of 

liquid  into  layer,  on  the  strength  of  (IV.1.1C)  arc  an  expression 
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Co'O  (>-(„)  » - 

2 a 


(IV.  1.42) 


. Inteqratinq  both  parts  of  the  equation  (IV.  1.7)  for  £ from  £ = 

C tc  £ = - or,  that  nevertheless,  tc  f = £0,  since  f (£,  X)  of  ==  0 

i 
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with  C ^ €0,  w°  obtain 


t. 

j‘/(i.  m</s  = 


0 


2 rf/*_ ' 

1+2X  </{  | £.„• 


so  that  for  a.  u la  (1V.1.41)  is  tcuucr  j t 


M=  - 


aa»  i 

2 ma‘l'a‘l’  (i-t„)  - /l4-a 

1 +2a 


(IV.  1.43) 
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(IV.l/j/,) 
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Thus,  the  preced i n q/pr ev tous  tela  t'ior  sni  p/ratios  show  ♦hi*  t he 
solution;'.,  whicn  correspond  to  0 < a < -,  i.e.,  0 < 1,  answer  an 

inoifa;  t iri  tn“  li  |iu  ! head  on  boundary  an  i in  the  total  a jminf  ot 
liquid  in  lay-r;  for  “u>  solution,  which  corresponds  <x  = X = to  0, 
liquid  h<  i i oil  boundary  is  const  an*  in  the  course  of  entire  process, 
the  arrounr  of  li^uii  in  layer  yrow/risos.  with  -1/J  < a < 0,  i.o., 

1/2  < X < (a,  the  pressure  head  on  boundary  at  the  moment  is  infinite 
and  decreases  in  the  c>ur.ie  ot  time  *o  zero;  amount  of  liquid. 
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6.  Linearly  increases  with  time  tie  I i j a i . J head  on  *nt-  boundary 
cf  la  yei.  Lot  us  <»  xaiunr  now  t h»  special  case,  which  corres  non  d s to 
the  1 ino  lr  increase  of  li  ] u id  head  on  the  boundary  ot  layer,  i.e., 
when  a = 1.  Hero 
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* a<;  i 


h(0,  t)  = o (t  — t0);  l = ~ J]/i 

Vaa  ( t-l0 ) 


(I  V.1 .45) 


and  * juatii  (IV.  1.7)  in.~um<-s  t hp  form: 


d*t*  . 1 , df  1 
dfr  ^ 2 5 2 


0. 


(rv.Mfi) 


A:  it  is  not  difficult  to  chom,  function 


/(£,  D = 


1-1/2 

0 


Os;&«s£0  = 2; 
l 


(IV. 1.47) 
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h ( x , t)  — a (t  — l0)  — , — . . 0 ^ x ^ ]/  2ao  (t  — t 

1 2o/(t  ' 

h(x,t)~  0;  Y2ac{t -t0)  sg  i<oo. 
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The  coordinate  of  the  lea  iin>j  edq«  of  li 
as  follow.,; 


: i on >f 


o); 

(IV.  1,48) 


1 » i i <0  ( 


r»  (0  = l/2n(T  (/  — /„), 


(IV.  1.40) 
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1 a ;t 


a the  cons* ant  velocry  of  propaqa*ion  of  leading  e 1 je 


v0  = V2aa. 


(iv.i.r.O) 


i 


. Thus,  the  curve/gruph  of  the  distribution  of  liq 
lay  er  is  represente  1 to  those  intercept/detached  by  the 
axes  by  the  cut  of  t.hj  straight  line,  which  is  moved  by 
to  itself  at  constant  velocity. 


uid  head  in 
coordi nate 
in  nar a 1 le 1 
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This  qualitative  result  was  experimentally  checked  bv  V.  M 
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A3. 1 

Shfstakov  f 122')  >n  the  ictt>o  t r a y/chut  e , frequently  >j  1 for  the 
simulation  of  t ho  free- 1 low  jrotioi.:  if  liquid  i r t h«  porous  m Jium 
(with  t i>.  ti.-ory  of  lotted  tray/ohut.e  it  i-  possibl*  *o  t f 
acquaints  i irrorii  n j to  the  t ook  of  V.  I.  Aravin  and  s.  N.  Nuroerova 
f 2 ])  . Slotted  t ray/chute  is  two  closely  placed  verticil  glass  plat.-, 
the  slot  bet  veer  th°so  plates  las  * he  i irp^ne- ra  1 1 . horizontal  bottom 
and  is  corrected  with  cent  tint  r sufficient  larqe  volume.  T 1 a Totioi. 
of  viscous  fluid  in  slot  is  suloruinated  to  these  regularities  sue!, 
as  the  fr-e-flow  motion  of  liquid  in  the  porous  n, odium;  t h ■ point  of 
ccnnrct  ior.  of  slot  with  rontairei  corresponds  tc  ♦ h e boundary  of 
layer.  Evenly  heaving  the  level  of  jlycerin  in  container,  V.  M. 
Shestakov  f 122]  obtained  the  distt  ibuticr.  of  the  levels  of  glycerin 
in  tray/chute,  wnich  w«  11  agreoinq  itself  witn  the  jive:, 

theoretical  result. 


f>2.  Flat  tree-flow  root  i or  s with  the  zero  initial  pressure  head; 
iraxiroun  se  1 f-si  mi  1 a r motions,  axisymmetric  se  lf-s  inii  la  r motions. 


1.  Maximum  sel  f- s i iru  la  t i oi  motions,  hot  us  examine  now  for  the 
same  sen i- inf inite  layer  somewhat  a different  task.  We  will 
investiyat*  motion  in  sent  i-  in  t i nit  o time  interval  (--,  t)  ; therefor* 


the  initial  distribution  of  pursure  head  on  layer  unessentially. 
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L>  * is  c mni)S“  complete  copy  cf  the  a lrju  tip  nt  on  w ! ir  i 

depends  this  solution.  Besides  coordinate  x and  t.  isk*  t,  into  t hi:, 
copy  will  < • n ♦ o r il-.o  v il’i  ni  n0  , v.  and  a.  Then  the  1 i mo  n i ona  ] i t 
of  all  tl>  r > rtnininq  pa  r a mot  e r s cf  scluticn  ir?  represented  in  th>- 

f c l m : 

[x ] = £;  \1\  = T\  \a\  = \UY'IST-\  [M-lfc];  [xl-f-*. 

(IV. 2/.) 

«hcra  as  before  symuols  L,  T and  f .1  ] t h^y  mean  w i *•  h respect  to  the 
dimensionality  or  1 mi  j t h , time-  and  pressure  head.  Of  f i ve  arpimort 
(IV.  2.  h)  with  three  independent  li  mens  icna  1 it  y it  is  possible  to 
compose  two  independent  dimensions  ss  ccmninaticns  which  are 
conveniently  taken  in  the  form: 


x 


x/; 


hence  on  the  basis  of  P-t heorem  the  solution  of  the  problem  in 
question  will  be 


(IV. 2. 5) 


• i 


P.V;  - 


wher  » <t  - i n. ; i on  ; uiictior  • 


Let  us  i lace  r. 

1 w t - t 

* ♦ r. 

where  r 

is  an  or  hi 

rrary 

cons  • mt  . 

In  this  case,  con .1  i 

t ic-  n (IV 

. 2.  1) 

rid  eguat 

ion  ( I V . 2 . 

1)  as 

is  rot 

difficult  to  cl.  ock  , 

*■  h e y ar 

e re c o i 

d/w r it  t ' 

n t h r ou  jh 

t ho  n . 

■ w va  r La  hi 

t * , j ust  as  t hrou  j h 

the  pr < 

v i O U i;  v 

aria! 1 o , 

fcu  * conli 

f ioi,  i 

[ I V . ? . 2) 

assume:  t h ‘j  form  : 


h (0,  t')  = h'0cMr\  h’t  = h0exr.  (IV. 2.0) 


. Thus,  r.hift/shoir  in  time  affects  only  certain 
of  value  h 0 , mil  t h <*  formulation  of  the  prctlen  turns 
invariant  with  respect  to  t h»  transformation  group  of 


t ra  n or  or  ma  t i or 
out  to  1 e 
transfer  on 


DOC  - 7*  f 1 '>J 


! ’ A i i h 


o2.3  I 


Lf  t i , r xnnos**  «•  c • complete  copy  cf  the  irquaient  ;«  or  •'!  i • . 
depend;-  .iolut  ion.  ' ••  ii.les  coordinate  x i nd  tine*  t , i n to  ♦ 1. 1 - ; 

copy  w 1 1 . • nt  -i  1 1 v 1 1 'i  ■ .»  r.„  , * and  i.  Then  * ho  li  m -•  n i on  a 1 i t 

of  .i  1 1 • mining  pa  r a met  rs  of  sc  luti  cn  i : • represented  in  tl 

f crir; 

[*]  = /,;  If]  = r;  l«l  = | hl'IST-'-,  I*,1-IA1;  [xl  = 7"».  ^ 

where  is  be!  re  symbols  L,  1 and  [ h } t hey  b in  wi tl  respect  * > 
dimensionulit  y or  1 *i  j t h f ♦ im*  and  pro;, sure  head,  of  five  pi:. or* 
(IV.  2. 4)  with  thr**f>  independent  U mens  icna  1 it  y it  i r possibl?  * o 
compose  two  independent  dimensions  ;s  ccmninat  iens  wnich  a 
conveniently  taken  in  the  form: 


V-, 


X 1/  — r , xt; 

fl/lQ 


hence  on  * ho  basis  of  P-theorem  the  solution  of  the  problem  ii 
question  will  be 


; i ' 1u  1 BoO 


*33 


t i mo  ; : 1 • * . i n»i  n x rvj 

n ’ „ i ^ ohta  ir.  d t he 
(IV. 2. 4).  i h a 1 n ■*  \ i; 

(I  V.  2 . *> ) w . luv  h 


of  h 

m 

\ 1 + + l wa4- 

in ) / v i 

.nr  t 

i.  k , 

a s r o l* 

i et  < . .T. 

n t h 

• 

i : ; of  r 

( lat  i c 

iill’’  x , * 1 , a , x, 

nui'j  of  h in  variabler. 
r,  h i |>/ra ♦.  ion  ( I V . ! . S ) m 


h = h^[r.]f-^,  xl')  = 

= cxtIi0jp (t  xl-xt).  (IV. 2.7) 


II-  nr  * Lr  follow.,  t-  ha  t with  any  r occur  j the  identity 

*)  = e"<p(x/^,  xi-xt).  (IV. 2. 8) 
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re)  resent*-  1 throufh  r li  > functici  of  onr  arqusont: 


h = h9e*'f  (|);  l = 


(IV. 2.  JO) 


. Subst  ituting  (IV.  2.  10)  into  the  fun  1 .mental  equation  (IV.2.?), 

we  obtain  for  function  f (F)  ordinary  differential  equation 


rf>/» 

W 


2 s ' 


(I  V.2.11 ' 


. substituting  expression  (iV.2. 10) 

(IV.2.1)  and  boundary  condition  (IV. 2. 2) 


in  condition  at  infinity 
we  have  boundary  conditions 


for  f unct i on  t (f ) : 
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. Or.  thn  strength  of  the  continuity  of  the  liquid  head  and  fluid 

flow,  function  f (f)  mutt  as  btforr  be  continuous  and  have  continuous 
derivutiv*  of  square  df?/df.  X ♦ obtained,  was  ccr.c-',aled  by  f or ir , for 
determining  function  f (?)  a t oiindarv-value  problem  of  f ho  tame  ♦ y pr  , 
as  bout.dar  y- value  problems  for  * i ? sol  f -si  mil  a l solti*-  ions,  examiner) 
in  the  pi  peed i n g/p r >vious  paragraph,  and  that  corresponding  to  the 
value  01  the  parameter  or,  equal  to  infirity,  i.e.,  X = 1.  The 
effective  calculation  of  function  t (?)  is  fulfilled  bv  the  method, 
indicated  in  p.  u of  preceding/provious  paragraph;  the  results  of 
calculations  were  given  in  Table  IV. 1 and  in  Fig.  IV.  4.  Function  f 
(f)  - t ( ? , 1)  is  identically  equal  to  zero  with  f > ?„  = 1.810; 
leading  edge  x0  (t)  is  moved,  thus,  according  tc  the  law 


(0  = 1,810]/ 


ah  0***1 
x 


(IV.2.13) 
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a the  :»!•»••*  1 of  i- s 1 i r>la  ce  men  t/ rovf  mo  i t is  •ejtial  to 

w0  (0=0,905  Vay.h„c*'.  (IV.2.J4) 


. The  obtained  solution  is  l r a sense  the  limiting  one  for  the 

self-similar  solutions,  examined  in  the  prece  1 inq/pro vious  paragraph. 

In  fact,  let  us  roly  in  formula  (IV. 1.6) 

c=»fc0(aT)-«  (I  V.2.jr>) 

where  h0  - certain  constant  of  the  dimensionality  of  pressure  head;  r 

> 

is  a constant  of  the  dimensionality  of  time,  and,  it  is  obvious. 
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these  rou*  \rts  are  . el  ectou  u i*  h 
factor,  solution  (lV.I.h)  accepts 
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• - will  tinlim  i tod  ly  increase  in  this  solution  a in  *h*j  initial 
torque/moiii«‘nt  t Q— ♦- according  to  the  liw 


1 0=-aT.  (IV. 2. 17) 


/ 

. Revealing  indeterminancy/uncerta int y,  wi  obtain,  that  with 

o -*•  oo 
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a -»  f t-t o \«*i 
a+1  \ x / 


exp  — ; A.  — *-  1. 

(1V.2.18) 


. ii*;  lot.  (TV.  1.7)  in  tin  lira  it  with  a -*  » transf  or/con  v rt.  t » 

equation  (TV./.  11),  and  conditions  (IV.  1.8)  and  (IV.  1.9)  coinciie 
with  conditions  ( I V . /.  1 2)  ; r ( t , * ) — > ; ( 11 , 1 ) = f ( * ) . 


Do:  i iiuitinq  r t!.iouin  the  aaaaa,  w.  ottaii,  that  in  a - ♦!.-* 
solutioi  (IV. 2. 16)  approacl.es  solution  (IV. 2. 10).  Therefore  solution 
(IV. 2.  10)  was  called  hy  maximun  self-similar  solution.  This  solution 
was  obtained  in  G.  I.  Bar en tla t t ' s work  [8],  Maximum  selt-similar 
solutions  arc  of  an)  fundamental  interest  in  that  relation,  that  for 
the  proof  of  the  self-similarity  of  these  solutions  already 
insufficient  considerations  of  dimensional  analysis,  i.e., 
insufficient  invariance  of  the  formulation  of  the  problem  relative  to 
the  transformation  (roup  of  the  similarity  of  values  with  independent 
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dimensionality,  i.  ♦■hi  . . wa s : r.  ( r»  v iou  s ] y ex  lm ined  self: -si  mi  la  r 
problems,  and  it  is  required  additionally  tc  use  the  i n va  r i a rice  of 
t he  t cr  m u ia  t i on  of  th  ■ problem  relative  to  one  additional  iron;  - ♦ rr* 
transfer rut  i or  qrouj  nf  transfer  in  t.i  jt. 

dive  m ♦he  - x am  i na  t io  n of  tho  maximum  sol  f-s  imi  la  r problem  of 
reason  ing  tear  commoii  chiract.tr  it  i car  he  applied  in  many  other 
tasks,  it  is  obvious  t hat  the  naxjmum  self-similar  motions  *•  xi  :•.♦ 
always,  if  the  system  of  th«  fundamental  equations  of  the  task  i r 
question  has  usual  "xponontial  type  self-similar  solutions  with 
arbitrary  exponent  (which  can  take  how  con  ven  i t nt.  ly  great 
significance)  and  is  invirian4  relativ*  to  the  transformation  of  * h< 
transfer  nt  *h*.  cor  r>-s  por  i i t,g  coordinate.  As  ai  example  it  is 
possible  to  indicate  ♦he  tar k of  boundary  layer  in  the  incompressible 
fluid,  and  also  ♦he  »ask  of  tie  one-dimensional  unsteady  motions  ot 
gas.  Obtained  for  these  tasks  self-similar  solutions,  which,  contain 
exponential  functions  of  independent  variables  [116,  1011,  luring  the 
passage  to  the  limit,  analogous  to  that  made  l n the  task  of  the 
theory  of  filtration  1 in  question,  give  the  maximum  so  1 f - si  mi  lar 
solutions,  obtained  by  Goldstein  and  ;;♦  any  uko  v ich  r,  Ml , 10b]  t y means 

cf  formal  setting. 
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[1021.  END  FOOTNOTE. 

TaSf.  On  boundary  of  x = 0 semi-infinite  layer  wiMi  i moenetra  hit 
horizontal  confining  stratum  is  assigned  tie  flow  (flow  ia+^)  0f 
liquid  as  exponential  function  of  time* 


~JC  (lir),_0  = T('~'o)l';  P>-,*^>0.  (IV. 2. 19) 


The  initial  pressure  head  in  all  layer  is  equal  to  zero 
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i * i on  ol  r o 1 1 c m i tc  t io.  « rt<*  ; in  t ••  » * >r  »•: 


..r  GrtT*  (t-t „)*)+'  -iv.  f [“2C7I/  (X)  (p-i-2)»  -IV.  ) 
LTjAr*  (X)  (P  4-  2)  J 7 \ L~9n«7(7rr T^TtT'J  • *•] 


(IV.l’.M) 


wher»  v (X)  = it'  (0,  x)/df  (s-pi  Fiy.  17.5  nil  Ta  hi  e TV.  2),  hr  *■  .. 
coord  it.fi4-*  of  the  lead  inn  edge  of  1 i i 'i  j 3 xn  ( t ) - in  th-*  foim: 


*o(0  = So  W 


r w*  (t—to)’,+*  ~i  ■ / . 
[_2CM  (X)  (jl-f2)»  J 


MV 


::.o 


. 2.  Ax  isy  Bmot  l ic  se  1 f -si  i>  i la  r motions.  During  the 

axisy  xn*  t r ica  1 llat  fiee-flcw  notions  cf  lioiid,  the  liquid  hea*l  h 

satisfies  an  equation 
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(IV.  2. 22) 


where  i - r h .jist  a no*  of  the  poir.*  •>*  layer  ii  in  sr  ior  f ro.n  the 
axis  ct  yniinpti  y. 


L*-  t u:  examine  t he-  following  task.  I. . -t  (Fiq.  IV.‘>)  into  t he 

infinite  layer,  bound  d belcw  ly  impenetrable  horizontal  surf act  - 
confining  . V itui,  through  the  he]-  where  i alius  is  negligi'.l*  , i *• 
begins  the  pumping  of  liguid.  Let  us  assume  that  the  initial  lieu  id 
head  in  layer  is  eg  cal  to  zerc,  so  ♦hat  tne  initr.il  condition  arci 
condition  at  infinity  tdxe  thn  form: 


h(r,  t„)  = 0;  /i  (oo,  t)—0.  (L V.H.2H) 


Let  us  issrnii"  further  that  t h flow  rate  of  the  i r -ject/beyur 
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roc k i n . 1 i ■ u i I ch  u j*.  it  t n«  con  t o t f i me  a<  cor  I i n g *o  r- j w--*  r Ja  i 
Ex  [.re  s.a  on  lot  too  c > tr . : . 1 ct  e f 2 u i <J  f l j*  i.itc,  p umpt  1 * at  ou  j th*  ho  1 
with  .i  iiii  i-  of  f ikf:  t he-  fern  : 
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. By  hypothesis,  i rad  iu.  of  * he  hcl'  is  r.  eg  1 i gib  le  ( below  w 

let  ua  pause  at  r»a.',ons,  cr  which  this-  assumption  it  is  po.s.  if  I •:  *o 
make  for  the  majority  of  real  motions);  therefore,  we  can  say  tha*’  r; 
= 0;  since  fluid  flow  rate,  in  ject/1  egun  rcctcirg  into  hole,  it  ic 
changed  according  to  power  law,  bouniary  coniition  on  hoi-;*  assumes: 
the  term; 


“T  (/-<,)", 


(IV.lf.2o) 
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to  1 a v * i wi+h 

constant  flow 
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orisua  rt  i oi 

Thus,  the 

so  lilt  iori  ci 

prelim:  s a t i e t i 

rs  an  equation 

( r V . 2 . 

2 7)  and 

cond l t : ons 

(IV.  2.  2 i ) 
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(I  V . 2 . 2 S)  . 
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As  be*  tor-,  utilizing  P-rheotem  of  dimensional  analysis,  it  i ;; 
possi  tie  to  show  that  this  solution  is  self-similar  and  is 
represented  in  the  form: 


A“[^(<-,»)T,/l(5’  X)’  (IV. 2. 26) 
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pa  rairot.t  i 
formu la  : 
pr  ese  r*  a * 
and  h iv. 
(IV.  2.  26) 
( I V . 2 . 2 ci ) 

under  th« 
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i ;-‘p«nienr  i i menricnl e ,s  combinations  cf  the  1 **•--*  rmin  i r i 
»I  oolut  ion;  other  independent  combination:!  >t  those 
lo  not  exist.  Const  art  factor  is  ajain  introduced  into 
ol  £ tor  ♦ h-  t j r ge  t./  pu  r p can  of  convenience  in  the  suhsequ. 
ten.  A ;i  ,n  her  ore,  ♦ unknown  function  must  be  continuous 
continuous  Jerivativt  of  square.  Substitutin'!  expression 
in  equation  (rV.2.22)  and  conditions  (TV.2.2J)  and 
, we  rind  *1.1-  function  i. , (f.  A)  it  satisfies  an  equation 


f)+T*-5l-'X/«=°  (I  V.2.28) 
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. T he  investigation  of  ‘■his  bound  a ry- v al  tie  problem  is  carried 

out  tc  analogously  peer*  lin'j/previ  >us;  also  ay  cnlv  fortr  is 
constructed  function  i,  (g,  X),  that  ditfeis  frem  znto  only  wi-h 

0 =s  | ^ Si  M-  where  gj  (X)  is  certair  function  F,  and  with 

f — f , (X)  identically  e<jual  ‘o  zero.  Funcf  icr  f,  (e,  X)  vi*h  g — > ' 

has  a special  t ea t ure/pec ul i ar i t y as  net  difficult  t0  see  from  f he 
first,  condition.  (IV. 2. 29): 


(6  — 0).  (IV. 2.30) 
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• Tie  second  condition  (IV. 2. 29)  can  he  given  to  another 

multiplying  equation  (TV. 2. 28)  i < v £ and  integrating  within  lira 
from  £ - 0 to  £ = we  obtain,  utilizing  both  conditions  (IV. 
and  cord  it  ions 

(5^)|.ao  = °:  l6/.(6.  MH-«  — 0,  (IV. 2.31) 


the  following  integral  i e la t ionsh i p/r a t io: 
<*>  t<  (i) 

J l/.«.X)«*5-J  6/,  (6.  *0*$  = ^. 


f o im : 
i * n 
2.29) 


(IV. 2. 32) 
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. The  firs*  condition  (IV.?. 31)  directly  fellows  from  * he 

conditior  which  satisfies  functior.  f,  (£,  A)  at  infinity,  .;inc«^  if 
limit  f with  f — > - was  not  to  equal  to  zero,  ther  is  f unction 

^ 1 ( ^ » M 1 1 wou 1 1 not  approach  zero  w 1 1 h p —¥  * . T h e seen n u co  n d 1 1 i o n 

(IV. 2. Jl)  directly  follows  from  (IV. 2. 30). 
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The  effective  calculation  of  function  fj  ( p , X)  is  conveniently 
carried  out  as  follows.  We  construct  the  scluticn  of  the  problem  of 
Cauchy  <I>,  (£,  X)  tor  equation  (IV.  2. 2d),  that  becomes  zero  with  p 

~ 1 and  having  in  this  foint  tiral  first- crier  derivative. 
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. Value  N (\)  is  not  equal  to  unity;  therefore  function,  equal 

1 (I),  ( F , A)  with  c < 1 and  identically  equal  *o  zero  With 

'S»i,  satisfies  all  conditions  of  fcoundary-vulue  problem 
(IV. 2.28)  - (IV. 2. 29),  except  the  first  condition  (IV. 2.29).  rfe  will 
use  the  now  fact  that  as  it  is  not  difficult  tc  show,  equation 
(IV. 2.28)  and  t second  boundary  condition  (IV.  2. 29)  are  invariant 
relative  tc  transformation  group: 
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there  ton  with  arbitrary  positive  (J  «-he  function  of  d)j  (?,  X) 

sdtistio;.  an  e ; u i *■  i or.  (1V.2.2H)  ar.d  thr  second  boundary  condition 
(IV.2.2‘7).  but 
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sa^isfie.,  all  conditions  ol  ho  unda  r y- va  lue  problem  (TV.  2.28) 
(IV.  <!.2'))  . 

Table  TV.  3 depicts  those  obtained  as  a result  of  carried 
thus  the  calculat ions  of  the  value  of  function  ft  (f,  X)  for 
liirits  from  zero  to  one  through  0.1. 
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1 ,966 

1,931 

1,897 

1,865 

| 

K~  u,ju 

X — 0 , .1 5 

1 

\ — U,40 

1 

X — o,t>u 

1 

0,01004 

0,1X19885 

0,009740 

0,009003 

I 

0,009472 

1 1 

2,401 

2,486 

2,481 

2,477 

I 2,472 

1 

0.01577 

0,01503 

0,01531 

0,01509 

1 0,01488 
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0,2372 

0,2332 
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1,390 
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1 .375 
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0,3103 

0,3117 

0,3073 

0,3031 
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1,259 
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0,4061 

0,4005 

/i 

0,1 121 
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1,093 

1 .085 

0,5507 

0,5423 

0,5343 
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0.5 19G 

/i 

0,9098 

0,9095 
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0,9409 

0,9325 

» 

• 0,6654 

0,0553 
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0,6585 
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0,8297 

0,7932 
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1 
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0,7105 
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0,9204 

0,9128 
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0,5935 

0,5843 
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0,5678 
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1,101 

1,085 

1,069 

1 ,054 
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7i 

0,4771 

0,4082 

0,4599 

0,4521 

0,4448 

5 

1,239 

1,220 

1,202 

1,185 

1,109 

0,3700 

0,3082 

,0,3608 

0,3540 

0 3476 

1.330 

1,311 

1,291 

1,273 

1.256 

/. 

0,3115 

0,3046 

0,2981 

0,2920 

0,2863 

t 

1,408 

1 ,440 

1,425 

1,404 

1,386 

/l 

0,2184  ■ 

0,2131 

0,2081 

0,2034 

0,1990 

E 

1 ,500 

1,536 

1,514 

1,493 

1,472 

7. 

0,1585 

0.1543 

0,1505 

0,1409 

0,14,15 

c 

1.052 

1 ,627 

1 ,603 

1,580 

1 ,559 

/. 

0,1  '9992 

0.097 10 

0,09459 

0,09219 

0.0891W 

t 

1.744 

1,717 

1,692 

1,668 

t ,(i4 -i 

/. 

0 04245 

0,04121 

0,04006 

0,03899 

0.03798 

Si 

1,830 

1.808 

1,781 

1,750 

1,732 

A~0.5i 

A^  tl.liO 

A~0.U5 

*-0,70 

X-U.75 

E 

0,009347 

0,000232 

0,00111 14 

0,000009 

0,008110! 

/i 

2,408 

2,460 

2,463 

2,460 

E 

0,01409 

0,01451 

0,01432 

0,01416 

0,01399 

li 

2,343 

2,341 

2,337 

2,334 

2,‘S2\) 

l 
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0,02083 
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0,02034 

1 1 

2.233 

2,232 
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2,224 
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/ . 
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2,093  , 

£ 
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0 0 ',633 
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1 ,969 
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1 ,960 

s 
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/ i 

1.822 

1.818 

1.813 

1,809 

1,803 

t 

1,1008 

0,1055 

0.1042 

0,1030 

0.1017 

/, 

0,087 

1 ,1183 

1,678 

1 ,673 

1,067 

1.1002 

0,1583 

OJ502 

0,1544 

0,1520 

A 

1.520 

1,51(1 

1 .5*  >0 

1,505 

1,499 

£ 

0,2213 

0,2216 

0,2187 

0,8162 

0,2130 

/ 1 

1,368 

1,363 

1,357 

1,352 

1,345 

E. 

0,2201 

, o 2951 

0,2917 

0,2883 

0,2849 

1 

1,227 

1,221 

1,215 

1 ,209 

1.202 

0,3053 

0,3904 

0,3854 

0,3810 

0,3764 

'i 

1,077 

1,07! 
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1,058 

1 052 

0.5128 

0,5005 
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0,4942 

0,4883 

A 
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0,9181 

0,9111 

0,9047 

0,8977 

r 

0,6100 

0,6120 

0,6041 

0,5972 

0,5900 

/ 1 

0,8012 

0,7975" 

0.7905 

0,7839 

0,7769 

£ 

0,7478 

0,7380 

0,7291 

0,7208 

0,7120 

A 

0,6758 

0,6691 

0,6621 

0,6556 

0,0488 

* 

0,8700 

0,8652 

0,854 1 

0,8443 

0,8341 

/, 

0,5603 

0.5538 

0,5472 

0,5409 

0,5345 

1.026 

1,013 
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0,9885 

0,9765 

A 

0,4380 

0.4320 

0,4259 

0,4202 

0,4144 

1,154 

1,140 

1,125 

1,112 

1,099 

/. 

0,3410 

0,3362 

0,3309 

0,3260 

0,320y 

; 

1,239 

1,224 

1,208 

1,194 

1,180 

/, 

0,2810 

0,2762 

0,2715 

0,2071 

0,2626 

t 

1,368 

1 ,351 

1,333 

1,277 

1,261 

a 

0,1949 

0,1912 

0,1875 

0,21 11 

0,2073 

1,453 

1,435 

1,417 

1 ,359  . 

1,343 

A 

0,1403 

0.1375 

0,1346 

0,1578 

0,1547 

t 

1,538 

1,519 

1,500 

1,442 

1,424 

A 

0,08782 

0,08591 

0,08396 

1,099 

0,1047 

£ 

1.624 

1,604 

1,583 

1,505 

1,546 

A 

0,03703 

0,03617 

0,03529 

0,03453 

0,03374 

lx 

1,709 

1.088 

1,667 

1,647 

1,628 

X-  o.ao 

X«=«  0,85 

X~0,00 

X=»  0,05 

X*=  1,00 

l 

0,008800 

0,008707 

0,008610 

0,08522 

0,008434 

lx 

2,453 

2,452 

2,448 

2,447 

2,444 

0,01383 

0,01368 

0,01230 

0,01096 

0,01084 

lx 

2.327 

2,326 

2,319 

2,318 

2.314 

l 

0,0201 1 

0,01990 

0,01968 

0,01948 

(.01928 

A 

2,216 

2,210 

2,211 

2,210 

2,206 

E 

0,03017 

0,02985 

0,02952 

0,02022 

0,02892 

lx 

2,091 
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2,085 

2,083 

2.080 

l 

0,04520 

0,04478  , 

0,04428 

0,04383 

0,04338 

;•  ".isbo 


' ’ A ( t- 


DOC  = 

*S1 

Faqe  Hi. 


Tabl  «•  i V-  i (.-out  i nu  it  i i n)  . 


X—0,80 

A.a-ft,8r» 

X—n.oo 

X « n.pr, 

>.  - 1 to 

/, 

1,957 

1,955 

1,950 

1,948 

6 

('.07040 

0,00905 

O.i  '•  >888 

0,6818 

0 ,7/,  7 

h 

1,800 

1.798 

1.7!  1 

1,791 

1 .7-7 

i, 

0,1006 

(*,09951 

(»,('li.S/|0 

Ut01*7*i  0 

f»M  1.  r, 

lx 

1,064 

1,061 

1.050 

1,051 

i. 

t 

0,1509 

0,1493 

0,1470 

0,1461 

0,1  , T, 

lx 

1,495 

1,492 

1.  HO 

1.483 

i /i7U 

i 

12 

0,2  WO 

0,2006 

0,2045 

0,-j'V 

U 

1.311 

1 ,338 

1,332 

1 320 

I,  ’ 

t 

0,2810 
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0,3  81 
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1,"52 
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Fi  q.  IV. 7 iand  b atn  ; i v - n t h*-  ccl  l < n ro  n 1 i n j values  ' , ( - ) in! 

with  x 0 ( an  ahi  u}>*  char  )<■  ir  t h»  flow  : it  • ) . !•  i t. 

IV. 8 is  constructed  t h * t lottou  function  f,  (X). 
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t he  i n 'ccr  /!  >■  jii  n 
r x[  re  ;ri  or  for.  a 


, in  -he  c 5 1 i < 
i oc  ■;  I li  i 1 1 i)  i]  1<; 

1 i i ’i  i i h - a d i s 


f const  ant  flew 

1 ( t ) T f 1,  • t 

r(  sr^sp  ntcd  in  * 


r tf/co  r.s  ii  i ( tic  r.  c,  r 
with  ,i  = 0, 
h<_  form: 


(IV. 2.37) 


. Ti-'  coordinate  of  the  leading  ohjc  cf  liqui  1 in  -hi:.  ;a:jn  i. 

exprpssod  as 

(0  = 1,537  (^.),/‘x 
x V7^T0=  1,087  (£L),/‘V73F#. 
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3.  the  r^lf-similar  moticni  of  liquid  and  gas  Ly  piano  waves 
soiri- inf  i nite  layer  with  nonzero  t..e  initial  pressure  of  gas 


liquid  level. 


in 

or 


1.  Self-similar  flat  free- flow  moticnr  on  the  nonzero  initial 
level  of  liquid.  Let  us  examine  again  the  flat  tree-tlow  motions  of 
the  incompressible  fluid  in  the  semi-infinite  layer,  bounded  below 
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horizontal  conrininj  . ti  it  inn,  aid  froir  t ho  a.lt  - by  th-*  Vf»rt  Leal 
flat/plan  boundary,  j lei;  j mother  side  oi  which  i.;  ar  r an  -j^/l  oca  r d 
the  i ese l voir,  fill*']  ,i  y liquid.  Let  us  a ss uni  e t h i t th°  initial  1 • v-  i 
ct  li  pi;  i in  the  3 a v*  ; abov<  M*  confining  s',rafuiii  i s constant  and 
equal  to  certain  va  1 u*-  bn,  lit  it  rcr.t  ficm  zero  (case  !:  ,,  - 0 wa: 

e xaii  l ne<i  i i ) v>')  . 


Let  u.i  suppose  furth*  r that  at.  the  moment  liquid  lev*  1 in  resor  voi  i 
suddenly  changes,  it  reaches  certain  value  hlr  greater  or  less  h0 
(hut.  first  not  equal  to  zero;  case  h,  - 9 will  he  examined 
especially)  and  then  i*  remains  constant.  It  is  obvious  that  increase 
h!  the  free  surface  or  liquid  depends  only  cn  > iai>'  t and  coordinate 
x,  calculated  alonq  the  normal  to  tlat/plane  boundary;  on  same 
boundary  w*-  will  j i vc  *-ho  value  of  coordinate  x,  equal  to  zero,  so 
that  equation  for  h jt  takes  the  form: 


ah  e*h*  *pg 

at  “ 0x»  ’ 2|i"» 


(1V.3.1) 


- On  Mie  steer,  jth  of  the  const  incy  of  the  initial  level  of 

liquid,  the  initial  condition  anl  condition  it  infinity  are 
represented  in  the  form: 

h{x,  0)  — ht\  h(oo,  /)=>A0,  ' (IV-3.2) 

a boundary  conditions  >t  layer  x - 0 it  takes  the  f or  a- 


h (0,  t)  = ht 


(IV. 3. 3) 


Thus,  increase  h ol  tloatirj  surface  lepends  on  the  following 


v a lues: 


x,  f , fl, 


(I  V.3/i) 


roc 
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s.io  y 


h<ivip  c d i roe  n s io  n 1 1 i v 


1*1-7';  [a)  = |/tj-,/>,7’-*:  i/»0]  =*  [*,!■=  i*i 


(L  is  dimensionality  of  length. 

Vol  • 

- the 

lima 

r.siona  1 i *■  y 

of  time 

[h]  - i dimensionality  of  pre 

iafiur  o 

head. 

wh  i c 

h right 

to  acct 

indeper  of  dimensionality  1 

* • n g t k 

) - Of 

value 

F (TV.  i - 4 ) 

it  is 

possinle,  obviously,  * > compost 

t wo 

independent 

d i me  ns i or  1 

e s s 

co  n t>i  na  t i o n an  which  converier.*  to  select 


6 VThlt'  >n’ 


(IV  AS) 


so  that  ti  e root  ion  in  question  turns  out  to  bo  self-similar  an  3 
function  h is  represented  lr  the  form: 


A-V  (5.X). 


(iv.rcr.) 
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. Substituting  fhi:;  ri  i r«  n n‘  itior  of  function  h in  equation 

(IV.  ).  1)  and  cor.  i i t io  no  ( I V . 3.  2)  and  ( I V.  i . J)  , wo  obtain  for 
determining  function  ¥ ( ,c , X)  equation 


iPF*  . < . dF 

'5fr  2 s rft 


0 


(iv.;’. 7) 


and  fcundary  conditions 


F(0,  i)-J,  F{ oo,  i)=X.  (IV..1.H) 


In  this  case  not  one  of  the  boundary  conditions  (IV. (.8)  no 


nor 


If'  1 8t>0 


if 


long*  i i 


although  * 


invariant  i < • 1 <i  ♦ i v <•  ♦ o M u1.if  crma*  ion  qr  o u p 


(I>(?)  = 775-  (u5,  X), 


• >'  eq  utt  l >>!:  (IV.  J . 7 ) to  h<  c a r < i i,  v 1 1 i.int  ro  1 a t i v=j  f i t h i 


group . 
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Due  * o t h i : - f dc t *•  !,•*  1 ?*-»rn  inu*  ioi  of  function  F (f  , x ) i o <- s r.  o* 
succt'o:  ii.  leading  to  the  'aucf.y  problem,  which  ntion  il  / cornel  i Cn  * • • 

its  e f feet  iv*-  calc  u la  t i r:  n.  T 1 *-  i • tor'  calculations  w<r-*  <• « t'  r i“d  cu-  i a 

conipu  t.  i (led  calcu  la  ♦ ions  " . r . Infer). 

' ; • valu  s oi  functicr  i ( p , x)  a r < i >pr  es «nt  >d  for  1 if  fe i >p.t  > 

(from  o to  2 with  space  0.1)  oi  ri  j . IV. 9,  here  is  1.  oictod  limitirq 
case  \ = i r\  t cori  ispondimj  )0  - to  0 ini  examined  above.  Figur1- 
1 V . 1 0 , 'jives  t. h e values  of  t h *-  f ii i • t i o n o t S M 
deter  nine  fluid  flow  tnrough  the  boundary  of  layer 
rt  lat  icnrh  1 p/i  r 1 io 


" dl  It-*’  wrilc‘- 
q accord i nq  t o 


*py  xjg  (X) 
2p  )/v7’ 


(IV. 3. 9) 


. Let  us  present  in 

form  of 
integrate  this  equation 


i td[F(j,  l)-M 

2 5 dl 


equat 
let  us 
from  f 


ior,  (I  V.  3 
it  u 1 1 i p 1 v 

= 0 to  P 


7)  tprir  1/2/P  dF/dP 
its  both  parts  on  P 
= - ; wi  will  oht  a i n 


in 

an 
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f «4r«+H  "A'f  ■ «■  x>-w«-[t¥ir- 

o 0 

oo  » 

- J ^ </$  + £ ^ (t  *■)  - U*:n“  - \ E (E.  X)  - M <11 


(IV.3.10) 


Tie  study  w)u.cn  w»  jiv*-  i.<  r*>  below  shows  that  f unct  i 
it  a r r oac  r.es  it  n i va  1 u*  wi*h  f - very  rapidly, 
exponential  law.  Tiior  • or  n : al  ;o  taking  into  accotin*- 
■ 0 F (c,  X)  ar.  u d I ?/  \ f ai»  final,  obtain 


[~t 

L6“rfrJt.» 


n co , ob  v in  asl  y , 


j (OO,  X)-f*(0.  X), 

o 


on  F { f , X ) 
on 

*•  h a * with  f 


the  expression  (IV.  i.  10)  giver; 


♦ he 


integral  ro  lat.  ionshi  p/r  at  io  which 


pro 


7 • . ) h 1 H h 0 


1 » A < ; h 
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sa  t is  l 


l rot  ion 


X) 


J 6(^(8.  X)  — xi rfg  =» i — x*. 
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. The  self-si  in  il  i r solutions  oi  t hr  prchleir  examined  i 

tar  flat,  free-i low  til  station  of  liquid  in  nonzero  initial 
found  F.  P.  Pol  uta r ino  voy-Koch  [ ()z,  Tl],  To  the  existence  o 
self-s imi la r solutions  of  such  tyt,(.  in  “he  tasks  of  the  uns 
f i It i i * i on  af  liquid  i nd  qas,  it  was  shewn  in  t ho  works  of 
fill]  and  ot  l.eynenzon  f7^t;  however,  their  neither  qualita 
in  vost  iqat  ions  nor  mui“ncdl  calculation  ir  these  works  Ip  ! 
net. 

/.  Filtration  of  liquid  fro;n  semi  - in  f in  ite  layer  into 
t«  'iv  i r . .'ase  h,  =0  needs  separate  examination.  Herr  of 
•ter  mining  parameters  it  is  possible  to  compose 
ombi  nation  \ =~  x/Vali0t , so  that  th0  increa 


hove  of 
level  vnt 
£ 

t ea  d y 
Bousni nes 

t i v>- 
it  wo  s 


empty 

the 

only  one 
se  of 


coc 


7 b ')  t,  1 Ml)  ) 


P A r,  F 


^7/ 


float  ir.;  .;urf»cf  h is  r*>i  roser.to  i in  t ‘ecu: 

*-%(!).  (I  V.P..12) 

Function  ».it  isf  i-;>  .in  equation  an  before  cf  Eoussinesq  (IV. 1.1), 
the-  initial  comkt  ion  inn  condition  it  infinity  (IV.  1.2),  a m)  also 
bound  ary  com!  itiot 

/t(0,  /)  = 0,  (I V.3.J3) 

whence  i * is  obtai  red,  *■  ha  t the  function  $ ( £)  satisfies  an  c jiivion 

il^-i_iti2-  = 0 (I  V.d.l'i) 

T 2 5 d\ 


under  the  conditions 


tp(0)  = 0;  ip(oo)  = l. 


(I  V.d.ir.) 


. In  this  case  the 

(IV.  1.1  S)  ate  invariant 


equation  ( l V . 1 . 1 4)  and  the  first  condition 
relative  to  transformation  qroup  /($)■=  m‘s'c. 


DOC 


/ h rt  f , 1 M 0 


P A<;  r 


Therefore-,  if  t-  ( c. ) satisfies  an  eouiMcn  (IV.  1.14)  and  th«  fir  .♦ 
condition  (iv.1.13),  then  also  f (f ) satisfies  these 
relationship/ratio;  with  ary  n > 0.  This  ira  Kes  i*-  possible  *•  o 1 ring 
together  the  ieter  :n  in  i *ion  of  function  t o t ii«-  solution  of  the 
prohlej’  of  Cauchy  for  equatior  (IV.  3.  14).  However,  in  this  case  there 
is  no  even  need  for  solving  *he  problem  of  Cauchy  in  view  of  the  fact 
that  the  problem  in  ejestior  turns  out  *o  be  within  the  precision  of 
the  rr  a t h ■ ’in  at  i ca  1 equivalent  basis  to  the  task  of  the  bound  a r y- 1 ayer 
theory  - of  boundary  layer  r to  flat/plane  plate. 


1 r fact,  let  is  rely  in  equation  ( 1 V.  3.  1 ) i {x,  t)  — h\  — h.1.  Then 
this  equation  is  reduced  tc  the  following: 


£-2  *vjz=*£. 


dU 


(IV. 3. 16) 


a condition  (IV. 3. 2)  and  (IV. 3. 3)  they  will  be  rewritten  as  follows: 
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z(oo,  f)=0;  2(0,0  = *’; 

z(x,  0)  = 0.  (IV.3.J7) 


. in*  -j  ua  ti  >1  ( IV . 3 - If)  ana  condition  (IV. 3. 17)  coincide  with 

the  fundamental  e juation  ir  the  form  of  Wise:-;  and  the  conditions:-  of 
the  merti  n>l  t usk  cf  bou  nda  r y - lay  cr  theory  [ 59  *,  if  we  replace  t 1 v 
the  longitudinal  coordinate-  x,  x - by  the  function  of  the  current  or 
’p,  2a  - by  the  viscosity  of  the  lianid  cf  v,  hn  - bv  velocity 
of  incident  flow  , whereupon  z i-  expresses  value  n?  - n?  ( where  u 
is  the  longitudinal  velocity  of  flew.  Thu->,  the  increise  ot  floating 
surface  ti  corresponds  to  the  longitudinal  velocity  of  flow  u in  the 
task  of  boundary  layer.  Let  us  note  now  that  we  determine  -he 
dependence  ot  function  , equal  to  h/h0,  from  a lternat  ing/ variabl  e 
£ — j/l f ahtt,  which  in  t he  terms  of  boundary  layer  corresponds  to  the 
dependence  of  function  u/U  cf  a 1 tor  na  t i ng/  var  ia  tie  \pjA-2_.  As  is 
known  cf  b ounda ry- 1 ayer  theory. 
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= S(T1). 


(IV. 3. 18) 


where  the  C (t))  - the  tabulated  function  ot  Blasius,  the  table  ol 
values  of  derivative  of  which  Las  in  each  nanayeraer.f/raanua  1 on 
hydrodynamics,  and  »)  art  a dimensionless  variable  of  Blasius, 
equal  y -~j  (y  - transverse  coordinate  ir  boundary  layer).  T in 
must  find  dependence  C ’ on  alternating/ var  iable  l/2£  and  then 


set/assu  mi ng 


V = q>.  /2t 


we  will  oltair  the  unknown  function 


m . 


F a g e Id. 


Figure  IV.  11  liv*-:?  those  which  were  obtained  is  concealed  by 

ferm  cf  the  value  of  function  <t>  (f)  . 


Let  us  determine  now  lluid  flow,  which  escape/ensues  in 
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rose  r vo  it  from  !ay-r.  We  have 


7 -*pg  8hl  ! _ _ *p>Ai  rf-r3  | 

2fi  Ox  I x_0  2(1  ,/aAo(  di  | 5_0  • 


Elu’-  according  to  preced i n g/pr e v ious 


<P  = S'  (V^2Qi  so  t hat 


dip* 

~W 


S'  (tl)C 


(^vT 


-V2  C'(0). 

T)-0 


as  i:  known  from  boundary-layer  theory,  value  £"  (0)  through 

which  is  expressed  the  coefficient  of  friction  cf  plate,  is  equal  to 
0.312,  whence  we  obtain  firully  expression  for  a fluid  flow,  which 
esca pe/eiisues  in  reservoir,  in  the  form: 
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§4.  A xisyrometric  se  1 1 - s im  i 1 ar  motions  in  the  infinite  layer  with 
non-z»ro  initial  pressure  of  gas  or  the  level  of  liquid. 


1.  Self-similar  isothermal  flew  of  thermodynamically  perfect  gas 
with  constant  viscosity,  which  appears  during  pumping  or  gas  bleed 
through  the  hole.  Let  us  examine  infinite  horizontal  layer  with  a 
power  H,  revealed  according  to  entire  power  by  the  cylindrical  hole 
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whoso  (i  i l < <-t  ion  is  jior  pendicular  *o  the  direction  of  th*  stretch  of 
layer.  In  the  moment  layer  is  saturated  by  gas,  which  are  located 
under  | ressure  P.  Through  revealing  * h*  layer  hole  at  the  me  inert 
begins  to  be  pumped  into  the  gas  with  constant  mass  is  diverge,]  u. 
Let  us  examine  the  appear  ing  ir  this  case  filtration  flow  or  jus. 


Since  the  picture  or  the  motion  is  symmetrical  ad  is  identical 
in  all  [lanes,  perpendicular  to  the  axes  of  hole,  pressure 
distribution  of  gas  depends  only  on  time  t and  distance  r of  th^* 
point  ot  layer  in  question  on  the  axis  cf  hcle  r = 0 satisfies  ar. 
equation 


01  r dr  V Or  J > 2m|i  ' 


. The  initial  pressure  ot  gas  in  layer  constantly  is  equal  to 

so  that  the  initial  condition  and  condition  at.  infinity  take  eh^ 
form: 


p (r,  0),  P,  p(oc,-/)«P. 


(s£-i/.  'S) 
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Through  the  hole  whose  radius  is  c gual  to  w 
'1  into  the  gas  with  the  constant  mass  flow 


nklfpp  / dp*  \ 

(ipo  \ <?r  Jr-tt 


We  will  count  a radius  of  hole  negligible 
stimutions,  which  justify  this  issumpt  ion) . 
. 1)  is  rewritten  in  the  form: 

( dp*  \ _ WP* 

V dr  Jr- o nA7/p0  ’ 


, into  layer  is 
rate  of  i : 

(IV. 4. 3) 


(below  we  will 
Then  cond i tion 


(IV. 4. 4) 
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. Thu-’,  r ri  * unxnovn  ' : rtr  ih  ut  i on  of  pressure  in  lay°r,  which 

satis  fie:  in  equation  (IV.  4.1)  ami  conditions  (TV. 4. 2)  and  (IV. 4. 4), 

depends  o:.  the  dot  rmini  mj  pataiuetsrs  r,  t,  a2,  » of 

d i roe nsi ona 1 i t y ot  which  l ho  following 

‘ w - til  - T-.  U’l  - - tpl*:  I/.]  _ Ip,  (Ip, 

dimensionality  cf  pressure).  With  the  aid 
of  the  analysis  ot  dimensional  ity  it  i:  possitle  to  be  convinced  of 

the  self-similarity  of  metier,  in  question.  Fressurr  distribution  in 
this  case  is  represented  in  the  form; 


. By  substituting  (IV.  4.5)  into  equation  (IV,  4.1)  and  conditions 

(IV. 4. 2)  and  (IV  4.4),  we  will  obtain  that  the  function  ( £,  X) 
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i s the  integral  of  ° q 1 . i i * i < i ri 


,,lf?  , 1 <*A~1  . I dF'  ,-0  (IV.4.*>) 

- dl  > d% 


under  lounlary  conditions 


/^(oo,  X)=  1. 


(IV.4.7) 


. The  jualitative  picture  of  th°  location  ct  t he  inteqral  curv“ 

of  equation  (IV.  4.  6)  is  investigated  with  analogous  that  as  inscribe 
ir  M:  in  exactly  the  same  manner  Uir  erder  of  equation  (I  V,  4. 4)  is 
reduced  to  th«  first,  then  is  investigated  the  picture  of  the 
integral  curves  ot  fiist- erder  equation,  whereupon  results  are 
transferred  by  integral  curve  equations  (IV. 4.6).  This  investigation 
shows  that  integral  curve  equations  (IV. 4. 6),  which  satisfy  the 
second  condition  (IV. 4. 7),  fall  into  two  classes  divided  between 
themselvs  inteyra]  curve  '/*,(£,  0)  = 1,  ppropriate,  as  car. 

0 (Fiq.  IV.  12).  The  ciirvts  cf  the  first  class. 
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cLosoly  a : . : rich  t ixi.  ordinate,  asyaptot  ic-il  ] y 
into  infinity  dot  imj  <i  decrease  in  ♦ he  *•  down  *o 

»-•*(.)  of  function  !•  , the  A’,  ( £,  /.)  slowly  qi>w/ij..  . 

* j * he  law 


MS.  K)=V~Z  ln*-f-0(i),  (IV .4.  8) 


so  t!  i*  * > • ich  of  * to-  u.*-  ir  a 1 curves  ct  * he  l irst  class  i * 
corre.it  or  Is  1 * ..  v i 1 ue  or  t !.«  pa  i a ire  ter  x,  whicl  monot  in  i ca  1 1 y 


ijtow/n 
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With  the  £ -» oo  t he  ordinates  ot  the  curves  of  liofh 

classe;--  rapidly  they  approach  unity  according  tc  the  lav 


^)  = l+0[-i-exp  (—  —■)'].  (IV/i.9) 


. Th*  curves  of  the  second  class,  which  are  arrange/located 

under  integral  curve  A’i(|tU)=l,  do  net  roach  the  axis  ot 

ordinates,  but  they  conclude,  approaching  square  with  the  axis  of 
abscissas  [which  is  itself  by  the  line  of  equation  (IV.  4. 6),  since 
this  1 a n*-*  cf  transforms  intc  zero  the  coefficient  of  higher 
derivative  in  this  equation’.  In  this  case,  instead  of  the  first 
condition  which  satisfy  all  the  integral  curves  of  the  firs*-  class, 
which  correspond  X > to  0,  these  curves  satisfy  condition 
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cf  the  curve 
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cf  the  pci nt  ot  intersection 
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which  men  ot  on  ic  1 1 1 y dfci-asor; 
Iren  the  integral  curve  of 


Tnt*  integral  curves  ol  the  second  class  describe  the 
self-similar  motions,  in  process  of  which  occurs  not  the  gas 
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knkHP* £9'  (IV/..  11) 
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(in  this  formula  the  mass  flow  i at e ] is  considered  negative). 

It  should  he  note)  ♦■hat,  ty  creating  a sufficient  pressure 
differential,  it  i r-  possible,  in  principle,  to  pump  into  gas  into 
layer  with  any  large  flow  rate  through  the  hole  as  small  as  desired 
radius.  However,  to  take/select  gas  freir  layer  possible  only  with  the 
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corresponds  to  the  sel f-simula ti or  motions  in  which  the  gas  bleed 
with  constant  flow  ra t e/consum pt i on , determined  hy  formula  (IV. 4. 11) 
occurs  through  the  being  exjanded  hole  whose  radius  increases 
accoriina  to  the  law 


/?  = * (\)  /alPt,  (IV.4.12) 

whereupon  of  the  wall  ol  this  being  expanded  hole  pressure  consfantl 
and  is  equal  to  zero.  Let  us  note  that  th i s *e xpansion  of  the 
selective  hole  in  no  way  impedes  the  applicat ion/use  of  the  solution 
in  question  to  practical  tasks,  since  for  the  values  of  th«  paratet^ 
X,  which  represent  practical  interest,  this  fictitious  hole,  as  show 
carried  ouf  cha  lch  u la*  i on)  , always  it  will  te  located  within  the 


presen*  hole 
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Fur  t i . • • t , if  w t a < ► i)-i  i * i f any  i n teg  i a L curve  Ft(\, ).), 

by  tha*  belonging  to  * he  rust  either  secoa.l  cla.’r;,  from  cert-air 

| r)  s>  ; (X)  *(i  t — oo,  that  f cr  uni  1-1  ( I V . 4 . r ) will  : 

the  sell-  imilar  solution  of  *V  problem,  -ihicl  corresponds  t > 
const  ut  initial  pro:-  ? u r • and  .select,  ior  or  j i s i n j ec  f i oi  ( ii ■>  • u ! i i : 

cn  si  jr.  X)  throu  j!i  th-  Lei  i.  •}  exfai  !<d  hoi*  . In  this  ca:v  , t r * ho  wall 

of  wo  ll,  i.  :;uppor*od  the  constant  pressure,  equal  to 


^(tl,  X). 


(IV.4.13) 


us  R of  “he  being  expanded  hole  increases  according  to  th*1 


law 


H = ri  Va'Pt.  (IV.4.14) 


. For  a following  presentation  it  is  useful  to  explain,  which 

order  at  magnitude  of  X=  q)ip0  ln/ef>„///,,l  1 > is  encountered  in 

practical  tasks-  Let  us  take  as  an  example  the  case  tor  which  value  x 
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will  r.<  v,ry  high,  hv  t h i a v^r  y it  will  be  letcrmined  the  nrlor  of 
the  upper  limit  of  value  x.  L*t  through  the  holt  bo  ^ako/se]  ec  tn! 
1,f00,000  t.  * of  .(as  per  lay  (is  it  form  a volume  u th  atmospheric 
ccnJit ions) ; this  t low  rate  is  sufficiently  high.  Lot,  further,  the 
viscosity  of  the  jas  of  ft  be  equal  to  0.31  cp,  the  permeability 
cf  the  porous  median  k = 1 d = 1 0 *“**  cm*,  thickness  of  layer  d = 10  ro, 
the  initial  sheet  pressure  P - 30  kgf/cm*  (relatively  small  pressure 
fer  sc  high  a gas  bl-t- 1)  ; for  values  t 0 and  p#  let  us  take 
respectively  1 kjf/cm*  and  tne  detsity  of  gas  at  pressure  1 kgf/cir?, 
so  thi*  value  is  represented  by  the  assigned  volumetric  flew 

rate  of  t tie  gas,  take/selected  through  the  holt.  Transf  er/conv  ertinq 
to  the  identical  units  of  measurement  and  substituting  the  led  values 
of  the  parameters  m expression  tor  x,  let  us  accent  x rc^O.04.  r*- 

turned  out  tat  in  t tie  real  cases  the  parameter  X was  equal  to 
C. 01 -0.02  and  less. 

Figure  IV.  13a,  b depicts  curved  f i (£,&.),  1 corresponding  to 

several  values  of  the  parameter  X both  positive  and  negative,  and 
also  the  corresponding  curves  are  an  idFl/dl. 
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Thtsp  curves  show  that  in  turtle  lortly  consider  able  domain  a _•  1 1 

point  of  £ = 0 (respective  ly  m*at  | = £ (>k)  foi 

curves,  * i ♦ cortps  ron  >1  ?.  < 0)  f unet  ion  - \dF\jd  £ is  clone  *o 

its  vilut'  with  or  1 = 0 (l  f spec*  i vel  y with  g _ 

i.e_  to  k.  In  thin  ra.se,  the  lasio  mango  in  function 

i.e.  *•;■  basic  char  ie  in  *h<-  pr«  ns  are  < f <<u  , is  concentrated 
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the  { a runs  to:  X,  egual  it  absolute  value  ct  one  hundredth  and 
this  ptojerty  oi  the  constancy  of  function  - \dF\/d  5 in  - 1 

range  v h*  re  F,  (*,  X)  differs  significantly  f jc*  uni-y,  it  in 

expressed  even  more  sharply.  Table  IV.  4 ijives  the  results  of  Mie 
numerical  calculation  of  *-he  curves  F,(l,  X),  appropriate  X 

= -0.000900  anil  x - -0.C04994.  Through  the  is  deisgnated  the 

value  ct  the  argumen*  of  £,  possessing  that  property,  that  with 

the  5 < of  value  - %dF\jd  £ they  differ  from  \ 

less  than  to  O.Olo/o.  That  means  with  5*  with  this  same 

degree  of  accuracy  is  fulfilled  the  re  la t i ensh i p/ra tio 

gi£L„_X,  (IV.4.15) 

whence  with  | <;  | we  have  with  the  same  degree  of  accuracy,  with 
which  ar<>  calculated  the  tatles. 


X) — 1)=  - Un  J-, 


Civ.4.16) 
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!’  A 


Thor  ( t . > t e v i 1 u >s  A’ , ( c.  /. ) «ith  cf  > < 5*  T i1,  1 i V . ‘ 

gi  v»;  . Ti  r numerical  ilculations  conducted  t he  y show  as  thi  * »i  : e • . - 
from  ‘l.»M  • 1 V.  » that  «;<:*  | >. ' < 0,01  va  L /•’ , ( £ /.)  d i f : • r . 


f r om  li  ,i  t v 1 


hdii  t.  / 7.01,  r.o  t nr)  t w i t h 


is  < : n i 


inequality  t > A,  ( *,  X)  >0,97.  Hence  i*  fellows  - .a1-  wit  t virtually 

comp  1 etely  sufficient  accuracy  in  -hi  . ran-n  equation  (IV.  u.  r or 
funct  ion  'f, (;,>•)  tan  he  rop-  lace  1 wit;,  liroi  r >la-iv~  to 

fi  (|,  >.)  equation 


t d t dF\  £ _ n 

T Hi  b ~dT  ''  T dl 


(IV. 4. 17) 


[in  t hv  lust/latter  term  of  equation  (IV.  u.  6)  is  added  t actor 

accorainj  to  the  preceding  differing  litt]o  from  unity]. 
This  linear  equation  easily  is  integrated  and  gives 

l-*$—CeVh,  , (TV.4.IK) 


where 

c 

- the  consf 

in t of  integration. 

Lot  us  determine  this  constant 

ft  cm 

t he 

rend ition 

thdr  with  * __  |* 

i are  value  the 

. dn 
^~dT 

= - 

-k.  iJe 

ha  v o 

C=  - Xexp(-  ‘/.ED- 
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l 

p , <i,  >.) 

dP* 

l-jT- 

<r. 

P.  <1,  ».) 

tih'* 

% L 

* </i 

0,005787 

0.9701 

0,009999 

l.  =0,003886 

0,9842 

0,004995 

0,01157 

0,9737 

0,009999 

0,01555 

0,9877 

0,004995 

0,01 92!) 

0.9763 

0,009999 

0,03109 

0,9894 

0,004993 

0.03-1 72 

0.9793 

0,0t  19998 

0,06218 

0,9912 

0.00558 

0,9825 

0.009994 

0,1244 

0,9929 

0,004985 

0,09645 

0,9345 

0,009987 

0,2487 

0,9947 

0,004955 

0,1582 

0,9870 

0.009968 

0.4974 

0,9964 

0.00585 1 

0,2816 

0,9899 

0,009899 

0.9949 

0,9980 

0,004-512 

0,5285 

0,9930 

0,009653 

1,492 

0,9988 

0,003779 

0,7755 

0,99-iK 

0,009270 

2,487 

0.9996 

0.002305 

1.269 

0.9970 

0,008167 

3,482 

0,9999 

0,001098 

1,763 

0,9982 

0,006770 

— 

— 

2,751 

3.738 

0.9994 
0 9999 

0.003879 

0,001743 
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Si  net  for  * he  virtually  i it  t«  l » . t i ri  i ntnijt  o i 


'/.'<(!, m in 


question  value  ot  g*  < is  v-.r  v small  (<0.  C 1)  a r i an  it 

differs  frcm  uni*y  no*  more  than  in  the  sixth  decimal  point,  i * is 
possible  to  s<- ^/assume  ('  = 


Eaqe  ()r>. 


Integrating  t h 


nation  (IV.  4.  If))  a join,  wo  obtain  witi 


/•’? (S.  X)  D-\  (ic -Vl’dl. 


(IV/.. 19) 
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. ?ho  constant  jf  integration  D is  lc  cited  fro.n  ♦ h<  on  ii*- 

that  v> : t (■  ; = value  F i ( £;*,  X),  < jr  i * : i ) r;  i l i to  f he 

solution  to  linear  eq'ii*ioi  (IV. '*.17),  coincides  nit!  vulur  F 
ot-tain*  1 h y nuT^ricil  i n f - gra  t ion  . This  jive.-,  with 


/■'fll.  IHOd..  n4!l(-T)-7tl(-T)'  nvy'-- 


khert  hi  ; : e x onen  tia  1 internal. 


strictly  speaking,  doer  net  satisfy  the  second  condition  (TV. 4. 7); 
with  l -* 00  this  function  it  ir  preaches  not  unity,  1 it  tor 

va  lu° 


*)+ 4 *:«(—&)  . 


. however,  i*  proves  to  l r that  this  value  v*t  y 1 i fte  i s 1 i*  * 1 e 

from  unity , 1 if  for -.“nee  for  th«  virtually  acst  interest  in  j ca  r.g#  >f 
' < 0.01  is  locat  i or  O.Ulo/o.  So  with  \ - -0.  009999  we  hav*-  : 

5,  - 0.005747;  - 1 Ei  (i  y ) = 5,905;  /',(  5*.  >.)  = 0,9701 ; 

1.00007.  For  loss  in  absolute  value  X ♦his  differ-  r > is 
still  loss,  so  that  value  5 for  this  range  x can  he  accepted  jual  ‘ o 
unity.  Thu.  , ‘lie  constructed  by  us  solution  tc  linear  equation 
sa  ♦ is  f i*  with  com  f 1 <;*••?  ly  sufficient  degree  of  accuracy  the  second 
ccr.d  i t i or  { I V.  4 . 7)  . 


Tlus,  with  | is  t the  function  of  />',(£,  X) 
accuracy  to  Q.OIo/c  is  represented  in  the  term: 


(IV/..21) 


DOC 


7 1 ) 7 1 8f>  0 


a ; h 


. Let  us 

f X | < 0,01 
the  function 
precision,  is 


(for  example, 

U 1* 


not e now  that  since  in  the  interval  of 

in  question  the  valut  of  £*  is  very  low,  f 
of  tiie  Rif—ilA  with  cf  £*£  »*  with 

fulfilled  asvirptrtic  fornula 


~lnw 


see  Yanke  and  Fmde  Tie'll).  Therefore  with 

with  the  accuracy,  greater  than  O.OIo/o,  oocu 


or 
y id 


equal  it  y 


' I 


DOC  = 700  71  l-  n 0 


PROF 


\ 

Faye  90. 

. 

Sul  *i*utiny  this  relationship/ratio  ir.  formula  (17.4.10)  , we 

[ 

O b t ,J  1 n # Wlt^i  r,  % + with  an  accuracy  to  O.OIo/o 

I >1(1.  *)-m**)+4Ei(“4-)-TEi(_J r)- 
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Af/i 


. r it 

e a 

OX 

: l 

■ ioi  >ii  tree 

i 1 y with 

the 

relit  1 1 11  . n 1 

. / ra  t 1 0 

(IV 

.4.20),  . h 1.  ‘ t he  f 

u net  1 c n 

of 

t\a.k) 

sat  is  fie.  w 

ith 

s 

^ ** 

hurt i - r mere 

, above 

i t 

was  sh 

own  n ’ a * 

the  t 1 1 . t * 

w c t 

t»ri!i 

s of 

the  r i 1 5 r ♦ < 1 > c t 

t h<  n l fc 

•?  i 

in  )/•  ip 

vi  on . 

formula  i 1 

S 111! 

wif 

h n i 

j 1 ur  --c  1 .1 10 1 «■  e r e 

1 j i t c 

’in 

i*v.  He 

n oe  fol  1 0 

very  0:  ,*10 

1 rti 

t h* 

con 

c lusicr  that  m t he 

virtual 

iy 

nost  1 

nt-r  t j 1 

interval  of 

t iie 

V i 

1 ues 

j 1 t h(  pa  l a :i.e  t e t X 

, x < 0. 

0 1 

the  f u 

notion  of 

/,<$.  k) 


is 


n t * i ii  the  firm  (IV. 4. 21)  a*  ill  v a 1 1*3 : of 


Tran  st pr/con Vrrt  1 n 1 iron  tin-  function  cf  h\ (\,k)  to 

pressure  : accord inj  to  formula  (1. 4. 5),  w<?  obtain,  that  for 


1 1 1 _ ! wPtt 

11  ! nknVopt 


<0,01 


pressure-  distribution  with  very  hi  jh  d<  jr~e  of  accuracy  is 
represented  for  all  values  cf  1 and  t the  fertr: 


,,1 ?MPl_  ii*  ( (IV.4.22) 

P ~ 1 2nkHpn  \ WPt  ) - 


DOC 


'71  i 


’>  Au  f- 


it  w>'  we 
present 


factor  p 

“»  i . r.  , 

initial 


• jocif  icall  y , : oi c h i» on  1 <1  i:<  obt.j  inr<i  t.  ft*  solut  i on  of.  ■ 
r<  replace  1 it:  the  -quot  tor  (IV.u.l),  which  it  1.;  ; . 
it.  t he  f o r a 


r 


dp * 

~jr 


(I  V.4.J*) 


it  the  second  tern  at  value  of  p - p cf  this  factor 
if  from  equation  (IV. a.  1)  und*  r the-  sane  feundary  an 
conditions  send  to  linear  relative?  to  7 ? equation 


r 


dpi 

~dT 


- 2a*P  4-  r 

dr 


»P- 
dr  ' 


>hl<  1 
ih  le 


ith  r 


(IV. 4 .23) 
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. T r.  i : method  ->*  ♦ h<»  1 inear iz  it  ioi.  of  eq  nation  (TV.u.i)  wa: 

proposed  foi  the  first  tint  i y L.  s.  Leybenzon  [71].  The  jiven 
calculations  .-.how  vii"ually  the  f - 'jint*  t cf  the  solution  of  th‘~ 
roniint'di  a xit.ynun“ti  ic  problem  in  question  with  the  solution  of  ♦ h«- 
linearized  pi  ol  lent.  The  success  of  1 i ne  ar  i /at  i cr.  is  explained  in  thi 
case  hy  the  fact  than  in  tf.->  case  of  a x isy mme t r ic  meiens  the  targe 
cf  notion  i divile/marxci  oil  into  tw<  parts;  1)  "he  range  of 
quasi -st  a t i onar  y notion,  whief  corresponds  to  lew  values  of  *t  ir 

which  is  coiicentrat  >i  basic  part  or  entire  "he  pressure  differential 
tut  the  flow  of  ja  s is  almost  constant,  a r.d  2)  - the  range  of  .nail 

depression:  (the  pressure  differentials),  in  which  the  flow  ct  gas 

cc»  pa  ra  t i v<"  1 y slowly  d creases,  ap  a the  pressure  differentials  are 


r m a 1 1 . 
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Faqe  i7. 

Ii  t':.-  tar.qe  of  ; uasi -st  a t ion  a l y action,  ret  only  i i.!r-r  r'-> 
in  t i.«-  va  i i.<_  . of  r-?-  and  2«-n -'-r— — is  egua  1 * r z-rc,  a. 

<Jf  ' dr  dr 

this  foJ!  ow  ;roi!  equation  (IV. 4.1),  but  also  each  of  * n-sr  v j 1 n. 
itself  i:  van  ishi  n j 1 y small  (comparatively  with  the  values  c t * i.ese 


quant  it  s * 

1 1 t hose  ; oint  s,  wl.er  e 

they  are  maximum).  Therefor* 

this  ra 

the  flow  or  jus,  »cual 

:i/.  // 1>,. 
P/’ii 

(r% IV 

\ dr  J 

is  almost 

constant , 

and  factor  v ii ue  at  the 

secoi  1 

r e ir  b " 1 

( I V . 4 . 1 ) is 

insignificant,  am)  with  a I iql.  degree  ct  acc  iracy  it  is  possib  le  *o 
ip[  iHCf  i r.  *:his  factu  p (:,*)  Ly  8 (r,t)  . In  Ms  range  of  small 
depression:-,  in  the  determined  part  which  beth  members  (IV. 4.1) 
differ  sic  ri  f icant  1 y from  zero,  the  possihilit  y of  this  rorlacemt  nt 
is  caused  ly  the  smallno.-s  cf  differ  one-  i (r,t)  - P. 

The  Uncovered  admissibility  cf  linearization  with  the 
description  ot  the  nonlinear  a x i syramQ t r ica 1 motions  rot  of  dependence 
cn  the  value  of  th«  appearing  j r o usurp  differential  makes  it  possible 
to  make  important  conclusions  in  connection  with  the  more 
common/ gene ra 1/ tota 1 classes  ot  motion. 
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Let 

is  note  now 

t hat 

in  c e a 1 

t asks  the  flow  of 

the  gas 

through 

the  hole 

a 1-  hough  s ai 

ill: 

but  tfc  f 

i n a 1 fixed  radius 

so  "hat 

bound a ry 

cond i t io : 

i on  hole  on 

t h O 

basis  of 

ex  pre ssicn  ( I V . 4 . 

1)  takes 

t h **  to  If7*! 

. L«-t  us  show  that  the*  const!  uctod  above  sel  f-siir  i la  r solution 

satisfies  with  a high  legreo  of  accuracy  this  condition  already  after 
several  seconds  af t^r  the  begiining  cf  yrocess. 


In  fact,  on  the  basis  (TV. 4. 5)  we  have 


(r^r)r. d\  )x.niy^F,' . 


(IV/.. 25) 
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. The  numprica  1 calculations,  carried  dC  for  a curvr*  X = 

-0.  009999,  shows  (see  Table  IV.  4),  that,  already  with 
5 = 0,1382  the  v a 1 up  of  the  function  of  IdFl/dl  is 

e^ual  to  0.009968,  i.e.,  difiers  from  X are  less  than  to  O.So/o  and 

still  less  with  less  than  the 

— R p 

At  a radius  of  hole  R £ 10  cm,  permeability  k ^ g = 10~  cm^, 

h 

porosity  m ^ 0.2,  the  viscosity  of  pffclO  §/cm-s,  the  value  of 

2 kP  P ii  P 

a P = 2m\i~  ^as  an  orcier  °f  10J_10  cm^/s , and  then  already 

with  t = 3s 


l = n/V^pi  <0,19. 
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. Therefore  it  is  possible  with  very  hi.jh  decree  of  accuracy  to 

set/asr.ume  with  t > l s 


(t  df’\\ 

V*  rff  Ji-R/vz^pi 


- 


F*sJe  9«. 


i 


coc 


7*-07l86  0 


n At;  F 


that 
(I  v.  4 


i.e. 


the  p 
tecf*n 
conci  i 


cor  re 
with 


i 1 iz i nq  this  r 

set  in  if  la  t i o nsh  i 

[ / 1 

PlO 

(17.4.2b),  w o t * i 

i ’ , 

after  ve r o 1 ;< >< 

• >/,  i t a £ t ( i motion 

s< 

I f-3 

i a i lur  so lu  + i on 

. r ) with  a r.  i ; h 

i eg  r e r of  accuracy 

sa 

f is  f 

y s i e ] u a v io n 

— r 


dp* 

dr 


) = XT’2 


/r-fi 


<7)‘Po 

nkl/ft,,  ' 


tr  roundary  coiHi*ion  (TV.  4.24). 


As  it  w is  shown  thove,  l.i  i nq  encountered  in  practice  va  1 u or 
aramotor  X on  mod u le/mod u lus  is  considerably  less  thar,  «xai>in*-d 
tly  tl.e  value,  approximately  equal  is  0.  C#»  Therefore  tor  less  x 
tior  (IV.4.2S)  will  be  satisfied  still  faster. 
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that  this  at  normal,  at  f 
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t y ot 
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r.ct  prevent  t h->  i r a p 

pi  ica  t i on  /u  so  t o 

real  t <• 

s h 

, since 

for 

* 1 i* 

a n i 

(t  i of  [tactical  in 

terest  >f  t : 1 ■ t ho 

fcf  i r.<!  * 

y i a 

rie.i  (1 

io  r l t 

1 O I 

hoi-  always  remains  wit 

hin  * he  r, re  sent 

holt.  ! 

ot 

• h i 1 

••  t ] . 

i i o * . 

i m i 

• >-  t t>  >-  c i i e r ct  b a j n i 

tut-  of  1 U) 

- the  r 

oor 

i i n a t . 

of  t.  h 

■“  F-oi 

ft;. 

of  the  a ppr  each  cf  t 

ho  curv-  of 

F,  ( 

£.  >•) 

at  X 

< 0 t 

c t 

U ixis  cf  abscissas. 

As  was  • o‘  ' i 

aDovc, 

w : t 

1 

i . . 

, p r 

( i f ica 1 1 y , w i t n l = 

= "|  (X),  f u no*  ion 

MU-) 

with 

hi  jh 

dt-qtf 

e o 

t accuracy  satisfies 

re  la  tionshi p 

(IV. 4.  If.)  : 


na,  v \)=~xin±. 


t / an iunur  I m ’•hie;  re  lat  i ensh  i p/r  a t io  cf  the  ' = UM.  F i ( $,  X)  = 0, 
wo  o fc  r a i n 


X)  = Xln-V 


S (X)  . % /\\  t 
-t — : s(X)=?*e 

'D  • 


With  X = —0,08,  FHl-,%)  »»  0,72 


art  value  t he  a=  0,0050 
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whence  of  j ().)««  0,005  e " 
interval  T for  which  * 

size/!  II  ! ..1C  HH  Of  * 4 . 

that  cr  the  strength  o 
a1/1  and  P jiv-'  , 
1°*'  us  note  that  th--  v 

with  valu-s,  which  art 
va  1 T • h a r r i y j t o w/i 

for  real  * asks  th°  hoi 
within  j r ■'  ct'  i>  t . 


t h 1-  ! 1 Veil  cStlHt 

juest  ioi  . • 1 ) 

7 1 * .;*■  1 f -s  im  i 1 ar  i 

question  was  note  J by 
Poluf  a i ioncva-K och l na 


■s  = 0,75  • JLT 6. 


A s shows  f c r in  u la  (IV.U.12),  t i :••• 


he  beim;  exrariod  int-mn  1 hole  rnacl^.;  t h< 
[ re.  <iit  hcl-  , it-  ceir  [.rises 


c the  r rece.i  mq/ptev  icus  estimations  for  at 
i f p t cx  im  a te  1 y T - 2*  10s  : - about  six  years, 
aluf  X - 0. Cd  is  v'-ry  qr^at  coropara*  ively 

f nccuntrioj  in  practice.  Durinq  decrease  >, 
isos:  so,  with  X = -0.01  T » 107J  years.  7 hu<  , 

n}  expanced  (fictitious)  holQ  always  remains 


ions  show  that,  the  self-similar  solution  m 
■nit, a tit  for  real  tasxs. 

ty  under  the  present  heading  of  + task  ir. 
L.  S.  Leyhenzon  f 12  1 and  fy  p.  Yd. 
f 0U  ]. 
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r a jt  . 


T h t?  sc lu t i in  of 
Eaten  fclatt  ( i« , 
F.  Trifonova'-; 


this  f col  1 e it  out  1 i no  i above  is 
9].  Numerical  cdlcul n icns  .er 
mana  geiuon  t/iranua  1 f s'-1  1- 


j i v o n b y 
can  i on 


on  t 


; ■ in 


*5 s.  Seme  . ; >cia  1 self-sinilax  motions. 


In  thi.  p,u  ljraph  will  .<  prer.f  r.ted  tfce  sc  1 uticrs  to  seme 
sel  f - £ i ai  i In  problem  of  unsteady  filtration,  wlich  are  of  special 
interest.  In  connection  mMi  the  fact  Mat  the  systematic  si  1 • of 
construction  of  similar  solutions  is  sufficiently  explained  in  the 
p t ecei  mj/pre  v l ous  paL  igraphs,  presentation  here  shorter;  the  r^dl 
interest'  1 in  'be  details  ot  computation  it  will  be  able  t o find  t 
in  cited  literature. 

1.  I.ift  of  liquid  level  with  the  cessation  of  filtration  in*o 
emity  lerervcit  and  with  the  attack  of  the  leading  edge  of  lijuid 
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t or 
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ion  of  1 i q ui 

1 level  , 

which  ccr 

test 
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il  *-* 

t la* 

f L 

esc'a  ue  of 

liquid  ft  om 

lavei  il 

1 1.  empty 
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l veil. 

I f 

t.  ii  '■* 

S *-  H 

bound  a i y 

i r layer  l s 

loc itod  s 

u f fie  i‘*n  t 

ly  t 

ir,  t h 

o n 

1 a y »>  r 

c 

consi  derail  semi -inf  ini  t* ; tho  initial  o isr  r ibu«  ion  of  liquid  U v«  1 r-t 
fc«(x),  satistyir.  i in  • minor  (IV.  1.1)  and  +c  condition  h0  ( r ) 
is  represented  it.  tin*  roc  a: 


h (x. 


0)=/*o 


(IV. 5.1) 


wh*-i  e is  the  lirect  flow  ; f the  Liquid,  which  isca pe/ensu  • »1 

layer.  Let  us  note  that  the  it.cre.itG  of  float  irq  surface  with 
increase  in  x infinite  jrow/rises;  hcwevei  this  is  not  important, 
since,  examining  infinite  layer,  we  ire  interested  -he  only  to 
initial  tage  ol  the  motion  wht  t the  d i st  u i fa  nce/por1  ur  oa  t ions  of 


steady  produced  near  bout  iary  of  x - J,  insignificantly  i ; 

express*  d t ear  the  second  bcut.-l.iry. 


If.  t us  assume  now  that  at  zei  o tint  the  boundary  or  layer  x 


suddenly  i insulated 


so  that  tho  flow  ot  the  lijuid  through  i 


» 


ceases.  L-  ' l:;  i • k n m 1 1 * u!  .•  jur  r.  t [ recess  ct  t fu  ljl*  of  li  vi  1 / 
level.  F l>i  i 1 : lo«  ci.  houniary  *>itl  x ~ r i:  equal  to  z>~ro;  f h : : <jiv»:. 

ccndi t i o' 


A-c  it  tollows  t rem  dimensional  analysis,  the  solution  to 
^ equation  (Jv.l.  1)  under  the  conditions  (IV.  5.1)  and  (IV.  S.  ?) 

self-s  imi  lar  ly  is  represented  an  the  f cm: 
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(IV. 5. 2 

) fupci  io n ; r 

nil) 

sa  t is 

fie; 
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(IV.5/J) 


ccinci.ii  r.-j  wi*h  equation  (IV.  1.7)  with  X - 1/4,  under  boundary 
condi-ioi  . 
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4 ,i-o 


= 0, 


lim 

£•00 


(IV. 5. 5) 


L<  t u construct  the  function  of  *„(£)  - the  solution  o<  th 

l-robleiu  of  Cauchy  for  equation  (IV.  5.4),  that  satisfies  conditions 
Ko(0)=  1,  «0  (0)  = (). 


rue 
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A-  .*  '-i'iws  the  m vest  iijat  ion , 1>  n ir’e  .1,  with  £ -»  oo  lot 

t h . t 'it  ■*■  tf  t.  ha*  wmch  helm)  tc  integral  cmvof.  I 

cla;  i * ■]  »t  i or.  (IV-S.U)  , roi  rec*  ly  l *-  Id  t ion:-  hi  p/rat  i o 

!i,n  S o(*)/Vl  = const;  accord  int}  t < ca  leu  la  t ion  the  constant  i - ->:ual 

l • a 

U.7<7J,  ami  the  t unction  rf  g„(l)  satisfies  an  e :ua*irr 

(Iv.  r nl  t :.*•  : i.  t . • * it  i i i t i on  (IV.  t . r: ) , but  does  not  satisfy  t. : e 

. ' ! ' i * l ■ r ( J V.  hirer  * hr  f u nc  t i cn  of  *) 

sa  t is  t i * in  - j ; i * i cr.  ( r V „ S.  4 ) and  the  first  cc  rd  i t.ion  ( I V . r . r> ) w i * ; 
any  !‘.  that  « l-  ctiri'j  |t  = = 0,8763,  wo  obtain,  that  the 

tur.it  r,  of  g ( l)  = u;J£0(l‘«  l)  satisfies  all  conditions  of  tu  :m,  ar, 

th*  solution  is  represented  in  the  form: 


(IV.h.O) 
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£ u net  i cn  of  g (l) 
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(IV. 5. 7) 
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ur d is  spread  ci;  Iry 

cor.  1 1 n i r. g st  ra" 

urn  * 

final 

velocity. 

t n e 

f 1 ca  t i n c surface  a p p 

reaching  the  nornt 

contact  wirh  confir.  inq  stratua  at  acute  an  jlo  a rd  n*>ar  * .n  i s mint  t.a. 
a form  of  inclined  plane. 


following  rea  son i r g , which  belongs  Ya.  to  n.  Zeldcvi<~p  ur.'l 
A.  S.  Kompaneyts  [DO],  shows  that  this  tact  occurs,  also,  in  t he 
general  case  of  th«  motion  cf  liquid  in  dry  soil.  In  tact,  t h<-> 
equation  (IV.  3.1),  which  describes  the  distribution  ot  liquid  level, 
can  be  rewritten  as  follows: 


oji_ 

ot 


!°l[2('5r),+  2/,5r]-  (IV.5.8) 
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But  a*-  poi  nt  xQ  (*■)  - w it  ii  * tn-  1 <?a  d i n q ed  q*  of  * n e r l n q*> , oc;:>i  p ir  i 
with  liquid,  is  fulfilled  *he  t e la  * ior.  shi  p/ ra  t ic  of 
7iIj#  (t),  71  = 0.  For  a certainty  «>?  will  consider  ♦ ha  *•  the  front 

»o»es  iron  rijht  to  left.  Then,  d i f f ere  nt  ia  t i ncj  the  lasr/latt-r 
relationship/ratio,  w»  find 
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where  ♦ he  - t h-  absolute  3 nstant  a r.ecus  sfeea  of  the  movement  of 

the  boundary  ot  this  range  (s[  c*  1 itself  if  negative).  ;ubr;t  i*  ut  i r.  g 
these  re  1 a t ionshi p/ra t i ct  into  equaticr  (JV.5.H),  wo  find 


—2a}(  -?^-V  • (”L\  (I  V.5.H) 
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of  liquid  level  taker,  the  torn:: 


: . n*  n 


h-^ _xi 
— kt,g  ix»  x>' 


(IV.a.10) 


I 

whereupon  lurin']  brief  time  intervals  it  is  possible  the  speed  of  the 
displ acemen t/mo veaent  of  leading  edge  tc  consider  constant. 
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we  cone  to  the  following  f or  nulaticr.  of  the  problem. 
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A t the  moment  the  distribution  of  linui  I It  ve]  luring  x > 0 is 
expressed  us 
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(IV.5.11) 
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--  o,  which  cotresfon  Is  to  impenetrable 
is  equal  tc  zeic: 
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(IV.5.12) 
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satisfies  .in  e'.uat  i.in  (IV.  1.1)  nil  c:ond  i tions  (IV 
(IV. 5. 12),  si-  It  -s  i :ii  i l.i  r ly  ran  l r-  i r r r res nf  e d i 
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h (0,  0 = 1/79 (IV. 5. 10) 


. J.  Pro  .i.!ic?-fro  o- f lew  n et  ion  on  the  zero  nut  nl  level  of 

liqui  i.  • * us  rxinin  ♦ he  uniform  l-ivt  r of  * he  final  power  H.  As 
that  at  first  layer  was  til  leg  by  motionless  liquid  to  the  level 
at  tor  jue/n:oi!ient  t = .1  on  the  t a unitary  of  layer  x - 
is  creat*  1 pressure  ncui  h0  > H.  The  1 i sti  ibut  ion  of  confining 
stiitui  a ♦ the  subsequent  points  in  time  will,  obviously,  take  t.h 
form,  shown  in  Fiq.  IV.  1b.  In  [art  of  the  layer,  which  directly 
adjoin:-:  * he  initial  section  x - 0,  the  pressure  head  will  excee  1 
value  H.  Thotefore  layer  will  he  filled  by  liquil  wholly,  and  rao* 
on  this  section  will  ;jc  pressure.  At  certain  point  x = x,,  th» 
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Th»>  n ider  easily  *ill  finish  the  construction  if  the 
sol  f- sim  i lie  solut  ion  of  the  problem  of  p ressa  t c-  f roe- f low  motion  i 
the  zero  initial  level  of  liquid,  utilizing  ter  thp  of  foe;*  ivo 
construction  ot  the  joint ici  the  so  lf-simi lar  rciutions  j 1 . 


3.  Solutions  of  the  typo  of  instantaneous  sources  for  tm 
problems  of  the  polytropic  filtration  cf  thermodynamically  ideal  ja 
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L<- 1 i r.  ♦ h*’  infinite  v > 1 u me  cf  t hr  porous  iiu-  li'in  o ecu r * f, *»  r a 1 1 i 1 1 i o» 
of  ga  :»  i:  pol  y t ropic  comm  ur  ica  t i or. /<:  : i:  ihct.  i cii  cf  densi*/  d n ' 4 : • . ::  •• 
ot  the  tilti'inj  |n  : . \s-;  umir.'i  tc  1 • idicr  > n<=-  i i n»e  nsi  'niti  1 , » -»  v- 

equal- Let.  : oi  ti « ier.sity  of  (a.  t;  tin-  form: 


i*P 
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where  i is 

space  coord 

i r.  a * < 

, i • , 
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ium  in  quest 
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e i e nc  e 

plane 

with 

movement  of  plan* 

waves,  t!n 

d is*  a nee  o f 

this 

! i f t 

from  t h 

e a x i . 

or  * 

h e s y ir  in  efr  y o f 

motion  - d ur  i nq  t h <*•  a x isv  nmrnt  i ic  flow  cf  gas  and  its  distance  froT 
symmetry  center  - wi*h  con t ral-sy mmetr ica 1 notion  of  gas,  tut  c 
respect  i v>  ly  equal  to  zero,  unity  or  two  tor  these  thro--*  types  of  tho 
symmetry  of  motion.  The  initial  pressure  and  the  density  of  jas  wo 
assume  to  he  negligibly  small  in  an  entire  region  of  the  porous 
medium,  so  that  an  initial  condition  and  a condition  at  infinity  they 
have  for  the  group  cf  problems  in  question  tne  form: 

p(r,  0)s0;  p(°o,  /)  = 0.  (IV.5.19) 
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m omen  t 

ce  t a i r m i £ s 

of 

j a s is 

concentrated  n-*ar  t 

he  datum 

p 1 a n h 

r = 0 . ?or 

ax  isy  mmot  : ic  and  centrally  tyrs*  trie  metiers  this  means  the  c:  art  a i:. 
mass  cf  yas  is  concentrated  at  the  moment  near  axis  or, 
corresp<  ndingly,  the  symmetry  center,  t c which  al  ;o  :orres ponds  valut 
r = 0.  Since*  in  the-  t i a*«-  ot  notion  dc  ret  ccciu  any  processes,  whicr 
load  to  disappearance  ol  appearance  cf  yas,  must  bo  fulfilled  some* 
re  la  f i on  sh  i p/ra  t i o.s , whicn  *-ytr*-ss  *he 

preser  vat  i on/re  ten  t-ion/ ma  inta  l n iny  o£  the  tctal  mass  of  yas  in  all 
volume  of  tho  porous  medium;  these  relationships  arc  record/wr  it  to  r 
in  the  f oi  nr: 


OO 

^ pm  dr 

o 


CO 

M.-  J pmrdr 

0 


j i>mr2  dr  = 

o 


M. 

•in  ' 


(IV. 5.20) 
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. The  solution  s in  quest j oi  they  uiitfson* , for  ‘-xamnl  , for  *\.o 

\ 

CdSH  ol  t.h^  t Low  of  |ds  b y [lan<  waves,  t.hr  convenient  schemat izati on 
cf  the  ltd  1 motions,  which  appear  in  simple  medium,  whet  the 
deter  trine. 1 31..J  of  qas  is  concentrated  under- the  larje  pressure, 
which  considerably  exceeds  | tr-r  ruir  by  the  remaininq  points  ot  ♦ I e 
porous  nndiuni,  and  then  spreads  ci  layer. 
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the  equation  (IV. 5. 
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(IV. 5.21) 
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. FOOT  NOTH  1 . nthf*i  wist*  would  not  bo  satisfied  t ho  condition  with 
infinity  - r h ■■>  second  condition  (IV. 5.  VI).  FN  C F COT  NOT  F. 


Usinq  di  ipo  ns  iona  1 consideration,  wo  will  cttain  the  followin'? 
expressions  i or  j a s density  during  the  axisyra  ire  trie  and  cen*  rally 
symmetric  mo* Mon  o t it  hy  the  [lane  waves: 


(IV.5.22) 


(IV..V23) 


(IV. 5. 21) 
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its  d i ions  ion  less  argument  a f *-he  function  cf 


it  designates  in  each  case 
in  formulas 


• • ■ they  satisfy  an  equation 
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(IV.  5.25) 


and  coni : t . m;s 


J /,(2)5‘rf5-l; 
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(s  = 0,  J,  2). 


(IV.5.2H) 


. Proa  the  continuity  of  gas  density  of  P and  flow  or  gas  >f 
(in  = — *-  j.  (jr«d  p = — ^;«rai1 17 — , it  t o 1 Lews  that  tie  functions  of 

P and  grud  (i"*1  must  be  continuous.  Fcr  one-dimensional 

motions  this  will  entail  the  continuity  of  p and  <Jt>**l/dr,  while 
for  by  us  the  self  - aim i la r problems  in  question  - the  continuity  of 
lAl)  and  W'/dl. 
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\ f t •■-I  in  ii  It  i j- 1 y it.  j both  : a i t s cf  t l e *'  q ua  t i cn  (IV.  h.25)  to  « 
vie  will  ot  t a i n on  the  1 . t ♦ . is  > of  rhir  eg  tat  ic  r.  total  derivative.  By 
integ  rat  i n ; , let  u . fjni  the  l i ist  integral  in  the  fort, : 
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MV. 5. 27) 


. Let  us  note  now  that  the  V*'h(l)  vanishes  with  cf 

otherwise  the  integrals  tinier  conditions  (I  v.  r).2t)  they 
would  diverge  with  £ = d.  Therefore,  ty  set/assuming  in  the 

equation  (IV. 5. 27)  of  5 = 0 and  fcy  utilizing  a condition 
(IV.  5. 26),  we  will  obtain  C„  = c,  = t\  ==  o.  • By  having"  this  in 

term  ar  d by  integrating  again  ot  r *>  lat  icnsh  io/r  at  io  (IV. 5.  27),  easily 
let  us  find  expressions  tor  an  f,(l)  in  the  form: 
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where  e,  pos  t oya  n r-a  y a integration.  As  it  is 
see,  these  solutions  satisfy  t formulated  above 
the  continuity  of  /,  and 


1 1 oir  the  first  re  1 at i cnsf i p/r at  io  (IV. 5.  26) 
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A;-  i s evident,  these  solutions  ar^  ccntinucus  an  1 possess 
continuous  derived  d{>n*l/<fr.  However,  derived  d(t/Or  has  ir  ocii* 

r = r,  (I)  (t)  a disc  cnt  i nu  i t y/i  nt err u p + icn  , so  that  the  con  s *r 'lc*^  1 

solutions  are  not  related  to  + he  classical  solutions  to  eauation  in 
the  par  tia  1 1 ? r i va  t iv.-s  (IV. “3.  IF)  and  are  its  generalized  solution... 


It  is  interesting  trace,  as  with  tendency  n to  "zero  solutions 
(IV. 5.  32)  - (IV. 5.  14)  t ra  ns  f er  /con  ve  r t to  known  solutions  of  the  typo 
cf  the  instantaneous  soiree  cf  the  classical  linear  equation  of 
thermal  con  luctivity.  Lot  us  examine  this  in  an  example  of  solution 
(IV.ti.J2j.  We  have  with  an  r ra(t) 
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and  the  frict  that  1'  (l/i)  = l/n",  with  n — y C Known  expression  for 

solution  oi  the  type  or  the  instantaneous  source  of  -he  classical 
linear  equation  of  the  heat  conductivity: 
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. Sf°—  (IV. 5. 36) 
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(absence  of  usual  pair  in  denominator  is  explained  by  the  fact  -hat 
we  accepted  the  total  mass  cf'  yas  of  equal  2Mn,  and  not  Tq  ) . 

Figure  IV. 1b  depicts  the  density  distributions  of  qas  at  certain 
point  in  time  corresponding  to  different,  ‘values  u during  the 
identical  values  of  all  other  parameters. 
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= 0 (classical  1 in  par  eg  qa*-  ion  or  thoriral  conductivity)  corresponds, 
as  is  known,  the  infinite  velocity  cf  propagation  of  leaiinq  edge  . 


The  motions  examined  alove  were  investigated  for  the  firs*-  time 
in  yoLk  Ya.  of  B.  Zeldovich  and  A.  S.  Kcmpan^yts  f ] in  connection, 
with  the  ma t hemat ica 1 1 y analogous  problem  cf  the  theory  of  thermal 
conductivity  and  independently  - in  connection  with  the  problem  of 
filtration  theory  i r ti.  I.  Pa  r f n fcla  1 1 * s work  f 5 ]. 


4.  Problem  of  the  spreading  of  the  mound  cf  liquid  on 
impenet rah lc  horizontal  confining  stratum,  lhe  obtained  under  the 
pr eced ing/pr e v i ous  heading  solutions  can  be  used,  because  r.  the 
analogy  between  the  flat  tree-flow  motions  cf  the  incompressible 
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diagrams.  In  the  first  case  let  u:  assume  that  the  mound  of  li  niid  is 
strongly  elongated  in  one  direction,  sc  that  the  picture  of  not  ion 
can  I*  considered  not  impending  on  the  coordinate,  calculated  1 1.  this 
direction;  let  us  designate  it  ly  y.  Thus,  the  inn  ease  of  ♦ he 
floating  surface  above  confining  stratum  h depends  only  on  time  * 
again:;*  coordinates  x,  calculated  i r.  perpendicular  direction,  and  it 
satisfies  an  equation 
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and  h = 0 with  *$rrt(t). 

Ir.  *bo  second  case  let  us  assume  that  the  form  of  th^  ini-ial 
mound  ot  liquid  is  symmetrical  relative  tc  certain  vertical  axis. 

Then  all  the  subsequent  motioi.  will  possess  symmetry  relative  to  this 
axis,  and  the  increase  of  floating  surface  will  satisfy  an  equation 
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where  i » ..  i distant:-’  f ro®  t|.  r xi  cf  ryminrtry. 

II  we  con  s i I *[  thif  f h*  i i *•  i 1 1 moijrl  is  concent  ra  tod  in  sra 
vicinity  ot  the  ixir  of  symmetry,  then  the  initial  condition  and 
conditio:  it  infinity  tike  loin  h (r,  0)  = (.»,  (r  4*  0) ; h(oo%t)=0. 

The  condition  c‘  the  constancy  cf  an  entire  mass  of 
liquii  in  layer  , take,  the  ton: 
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2nm  \ h (r,  t)rdrm*.\fl.  (IV. 5. -11) 
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. This  problem  in  turn,  in  accuracy  is  analogous  t0  the  pro! 

of  instantaneous  source  during  the  isothermal  j xi s vmoiet r ic  filtru 
cf  (jas,  only  instead  of  .jas  density  in  problem  is  considered  the 
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Sr  t /d  ;s  ■!  ii  : r in  solutiei  (IV-  -N)  n - 1 ari  ropy  ing  i"  in  h* 
designations  of  now  probl  jib,  w-  oft  air.  t hr  solution  of  *t:  i:.  prcMom 
in  the  form: 
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. 5.  Solution  ct  the  type  of  dipole.  Let  ut  examine  the 

pclyt topic  filtration  of  thermodynamically  ideal  gas  in  se  mi- i rf in ite 

layer  with  flat/plane  boundary.  Lrt  us  assume  that  to  start  the 
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pressure  .ini  the  density  of  qa  - in  layer  art  negligible.  At  initial 
torquo/moraen t into  the  layt  i throuoh  the  boundary,  instantly  is 
introduced  certain  itnoun*  ot  (ini'  after  which  the  pressure  and  t fie 
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only  on  tirco  t and  coordinate  x,  calculate  i ale; nr  the  normal  to  the 
plane  of  - he  boundary  of  layer,  hy  which  i.  assigned  Mie  value  cf 
coordinate-  x = 0.  The  density  of  gas  satisfies  in  this  case  equation 


i P «=  a 2 ^P’vfl . „2  _ fcnP« 
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(I  V.5.43) 


. Since  thr  introduction  of  etas  into  layer  occurs,  by 

hypothesis,  instantly,  and  the.  initial  density  cf  qas  is  neqliqihle, 
the  initial  oonditicn  and  condition  or.  infinity  for  t he  problem  i r. 
question  tak*-  t tie,*  form: 

p(x,  0)~0  (14  0);  p(oo,  t)  =0.  (IV.5.44) 
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- 'a  : r * i nu  1 1 i , ■ 1 v i n-j  now  lot!  j trt:  of  t h «■  po  ua  t.  i oi  ( I V.  ri.  4 ))  or 

x after  ' i:  ^ * j L-i  tin;  frost  x - 0 to  x - - , will  obtain 


7T  J pxdx  -n*\  x dx  = a%  (X^)  'Z  - alJ  H5T  dx' 

0 0 0 

/ a„n-*t  \ I x~°° 

= at!x-~—J  # -f-asf)n”  (0,  0 — a2(>"*1  (oo,  t). 


• Bu»  the  expression  of  {xd{>n*l/dx)1L.m  is  equal  to  zero  or 

the  strength  of  condition  at  infinity  p (-,  t)  - );  if  thin  vc)  3 nr  wa. 
equal  t. o zero,  then  the  condition  of  equality  tc  zero  of  Jensi'-v  at 
infinity  would  not  bo  satisfied.  further,  t |)t>  value  of 
(x  dp"*,/0x)Jf_o  it  is  pqud  1 to  zero,  since  otherwise  density 

with  x - 0 would  he  infinite. 
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rage  no. 

Since  it  I as  been  defined  tj,at  during  f roeprs  gan  density  or.  boundary 
ct  x = 0 is  ® qual  to  zero,  ♦ he  preced  i r.g/ pee  v icus  r el a+ i on  sh  ip/ra  t io 
giving 

oo  oo 

~ \ pxdx  = 0;  \ px  dx  ~Q  = const,  (IV.5.45) 

u n 


constant  q it  characterizes  ir.  a sense  the  ameurt  of  (as, 
instantaneously  entering  the  laycL  in  the  hegirning  process  thus  the 
process  it  question  is  characterized  l>y  the  constancy  "static  torque" 
cf  density  distribution. 

From  dimensional  analysis,  it  is  evident  that  the  solution  of 
the  problem  in  question,  i.t.,  the  solution  t.c  equation  (IV.  5.  4 1) 
under  thn  conditions  (IV.C..U4)  and  (IV.S.uc, )f  is  self- similar  and  is 
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- Substituting  expression  (I V.S.Ufi)  in  c pjation  (IV.S.ai)  an 6 

condition  (17.5.45),  we  obtain  for  determining  function  /( 
boundar y-valur  problem 
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(IV. 5.47) 
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where  uj  on  n:>  before  on  the  strength  of  the  necessary  conti  nuit 
density  and  flow  of  gas  function  / ( l)  it  mus*  be  conti 

and  have  continuous  derived  dfn*1/d\. 


The  unknown  solution  to  this  boundary- value  problem  takes 


form: 
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a the  constant  of  J0  it  is  defined  frcm  condition  (IV. 

analogous  with  that,  a s this  was  marl«9  fee  the  scurces: 
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To  analogously  preced  ing/pre  vious  it  is  possible-  to  sho* 
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with  n -►  0 obtained  solution  af-f  roaches  known  solution  of  the  type  of 
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the  dipole  o*  the  class  ic.j  1 ! i r *-  a r r ;u.if  icn  of  th*>ra-i  1 conduct  i v x t y . 

Let  us  t ha*  * h->  ccnst  r net  ><1  t y us  solution  is  limiting  cas- 
tor the  solutions,  7 nine  I ii  cna  [ t 'r  IV,  , and  corr^sponiinv 

n - 1,i-  1/i,  x - - 1 . 

*i*n  r.  1 obtained  solution  can  It:  interpreted  from  the 
viewpoint  of  the  pi  obi -m  of  freo-flow  tilt  rat  icr.  r.-t  on  the 

flat/pl  tie  boundary  ol  x = o se»i-  infinite  la  yc  r,  arrange/  located  or: 
hcrizcrtal  confining  stratum  ard  which  io-s  not  con*ain  liguil, 
sudd^nl y can  to  created  the  very  high  liquid  head,  and  then  pressure 
head  cr  boundary  again  drops  tc  zero  *. 

FC(TNOTr  1 . This  problem  schematically  describes,  for  example,  *he 
filtra*ion  mo*ion,  which  appears  in  *ho  walls  ct  channels  alter 
seasonal  flood.  EUDFOOTNOTE. 

The  increase  of  floating  surface  h satisfies  in  this  case 
equation  (IV.S.37)  and  condition 

00 
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which  i : ■ obtained  f re:  <-q u a t L o i ( i V . ft . 1 1 ) , analogous  with  that, 

was  obt  iin^d  con.  1 i v ion  (IV. ft. 40)  from  equation  (TV. ft. 43). 


The  constant  >)  lot  ermines  the  amount  oi  interstitial  into  lay 
in  the  beginning  ot  process  liquid.  Se t/ass cmi r g in 

re  la  t icnsh  i p/ra  tios  (TV. 5. 4ft)  and  (IV. ft. 48)  n = 1 and  copy  in  7 th<  . ' 
relat  ionsh i p/ra tios  in  the  terms  oi  the  prcblem  of  fr°^-f low  motion 
in  question,  wo  obtain  the  solution  of  this  problem  in  the  form: 
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cccijf  ied  with  lipii.  i,  it  charujes  1 n * h < co’itsc  cl  ”11110  ,u:< 

r h f low 
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. Th<  coordinate  oi  the  point  of  * ho  aaaaaaa  of  -to 

correspond  i no  to  t.  ho  maxinuir  increase  floatinq  surface,  : : 
l y re lat ionship/ra tio 
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Figure  IV.  Id  iepicts  the  torn,  of  free  surface  or  liquid,  which 
corresponds  to  notion  in  question  for  several  feints  ir.  time  ( r0  - 
certair  arlitrarily  .<  Ircte.l  j o i n*  in  *•  i me)  . The  solution  examined 
above'  v is  obtained  in  i.  I.  Harenb  latt's  work  ar.d  Ya.  B.  7.eldovich 

[19]. 

h.  Self-similar  motions  during  arbitrary  equation  of  st4te.  The 
analogy  between  the  free-flow  filtraticn  incom f ressible  liquid  1 1 d 
the  filtration  of  t he : mod  ynami  call  y perter*  gas  can  re  propagated  in 
the  case  of  the  filtration  cf  yas  with  arbitrary  pressure.  During 
free-tlow  filtration  * his  answers  the  frequently  being  encountered 
case  cf  motion  in  the  laminar  roil  whose  properties  are 
a 1 ter  rat  in  i/v  ur  ia  b 1 e by  height. 

L*-t  us  examine  the  flat  free-flow  filtration  motion  of  the 
incoa p ressib le  fluid  in  the  soil,  permeability  k anl  porosity  m of 
which  they  depend  on  distance  cn  the  horizontal  confining  stratun  z. 
If  liquid  level  in  this  vertical  section  is  h,  then  in  elementary 
layer  with  a thickness  dx  ard  by  width  b is  ccrtainod  the  volume  of 
liquid 

H*  dx  = ^ j m (*)  b (*)  dz~J  dx.  (I  V.5.5S) 
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. At  the  same  time  the  fluid  flow  rate  thrcuqh  this  section 

composes 

~{f  $M*)  *«*)£.  (IV.5.56) 


where  p - the  density  of  liquid. 
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(obviously,  v,  at  inti  i jt  i •-  possible  t r.  consi  In  t.  know,  • met  • • 
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Tht  solution  to  f.juaticn  (IV.1  -'it)  un<)er  1 1 ,>  conditions 

P( 0,x)  = Pco;  p (<,  0)  = P0  (IV.5.6!) 

is  self-similar.  He  will  exam  it,  e the  filtiatici  into  i r y soil,  for 
which  Pm—  0.  Th*3  unknown  solution  will  seer  in  Mip  form: 


P(t,*)  = P,/(6); 


2 l x„<  ’ 


(IV. 5. *52) 


* 


Cnc  7 1 ■ u ; 1>»^o 


i * a ( ; r- 


3S~</ 


w h t r ■ 1 u ru: t ion 


/(*)  it  satis  tii r an  equation 


A' (/*„/)/"(?)  25/' -0.  (rv.5.(i3, 


I * 

is  pos  i ! 

l€ 

t O 1 e u.  C t 

i t.iat. c t } 

dt  i 

t k (z)  and 

T 

(7)  * 

a V 

With 

small 

7.  the  t 1 

n it 

e valuet 

. , then  a t- 

i n 

th  i rob lei 

of 

t h 

i set  bet  i 

1 f i It.  ra  t i 

on 

it  gas. 

n n v#-  m<  n t 

f OL 

finite  time 

covers 

only 

the 

1 i n : * i 

section 

ot 

1 a y i l m 

1 her  el  on- 

wit 

h sS*  lo  /'  --  0 

Fur  tti'i  more,  from  the  ccr.tiruity  condition  cr  t xp-n lit ure/oonsumpt ion 
it  follow.,  that  /'  (50)  = 0. 


W :;eu  ♦ hat  the  problems,  w F i < • h tifftr  it.  ti  nr,  of  t h*3 
conct et e/spe  i f ic/actua  1 f o i it  of  t 1 e ( urct  icn  ti  (z),  n (z)  in  ) k (z), 
aie  i t.:u<  t ♦ o identical  the  boundary/#  igt  coefficient-  K.  Therefor# 

I 

it  ii.  2c.;  j title,  without  scl  vj  no  equatirr  (lV.'.ff),  to  con.  pose  th< 
concept  about  how  is  changed  solution  with  a cl  ange  in  coefficient  of 
K.  Let  u:;  give  a following  simples*  txanpl#.  Let  fuiiction  f,  satisfy 


those  boundary  conditions  that  and  t,  and  to  the  equation  of  form 
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( 1 V.  ci . * < ) , i w 1 1 r ■ ' • ■ t r ,•  i r o*  I < i ror>  f f l c i * nt  y , . I. us  i . *i n: *• 
that  t ! t f u nc  t : ot  K ( P)  m cr ot  or  i ov.  1 1 y o ro  w / r i r a r i t ii  a * k , ( i 

(P).  Ti.-r  wi'i.  all  5 

A(6)>/(5).  (IV.5.M) 

Th*  [root  ot  t i a f f i r n.  a t i o p i.;  -iiv  -r*  uy  A . " . Pirvet'ly*  r 
fchc  u t i 1 i z e 1 it  dh,o  to  e va  1 ua  t • certain  c 1 u t i c n with  r h r a i i 
ethers,  al  1 ow/assum  in  i * Lenient  ary  expression. 


noi  l eme  tc 


1.  T<  ^xamiru  t;,r  ax  isy  nimet  ric  se  1 f-s i iri  la i solutions  of  ‘ 
[teller  ct  Cauchy  tor  the  equation  of  the  isothermal  filtration 
the*  t her  inodynam  ica  1 ly  perfect  ejas 

_ 2 J_  £ dpi 

dt  r dr  r dr'  (IV. 5. 65) 


satisfying  ‘hr  initial  conditions: 


•»  i . 

) > 


r 90 

of 


he 

of 


p{r,  0)  — nr*;  a = cnnst>0;  a = const >0 


roc 


7*  8 1 HC,() 


? A 0 P 


(G.  I.  Parrnl.latt  rs,  H])  . 
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At  swor/r*- sponse. 

I n 

0 <a  < 2 

solution  cl  problem  exists. 

f OL 

any  v a 1 u*  of  t i ire  and 

is 

expressed 

in  th“  f cr m : 

a 

/>(r,  0 = 0 (o*o02"°|i:’,I' 


M»r 


1 1 — a/2  («J"0 


(IV. 5. 06) 


whern  f of  «!>(!)  are  a solution  to  cauaticn  (TV.  2-  39)  in  x - a/2, 
that  sat isf ies  the  initial  conditions 


«ti(0)  = 1,  <1>’(0)  = 0. 


('•*= 


C (a) 


(-a/2)°/s 


_1 

J-a 


, C (a)  = lim  <1>  (£)£-, 

i-OO 


(IV.5.07) 


76081860 


r>  A C.  F 


3<rP 


DOc  = 


of  time 


In  Of  - 2 solution  is  exfressf  ] in  the  final  fornt: 


P(r.  I) 


Or* 

1 — it>a*or 


(IV.5.68) 


This  solution  exists  only  on  the  final  interval  of  the  values 
t:  0 < t <_  T,  where  T * 1/I6a*». 
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'/lit:.  + = r,  i+  goes  to  infinity  si  ir  u 1 1 <jr.ec  us  1 y for  al  1 v » 1 nos  oi 

r. 

Ir.  a > 2 solution  cf  * h<-  problem  cf  Cauchy  in  question  not  is 
singular;  therefor--*  with  or  > 2 this  fonrulaticn  of  the  problem  cirr:, 
out  to  b*-  physically  senseless. 

2.  Wc  will  consider  the  sel f-simu 1 at icn  ot  -he  solution  of 
problem  Cauchy  for  the  flow  oi  qas  by  the  plane  waves  p = p (x,  t)  in 
infinite  layer  with  are  initial  the  coriitiens: 

p(x,0)  = a,ja-  (*>0);  p(x,0)-=ot  (-*)“•  (*<<>). 

3.  To  examine  tie  case  oi  tht  equalization  of  the  qro  lient  of 
pressure 

(a,=  Pi;  Ot^Pt  + Pi,  a,  = a,  = 0). 


. By  analoqy  between  by  free-tlow  the  filtration  and  filtration  of 
gas  tn<  solution  of  this  problem  at  the  same  tine  describes 
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equalization  the  le 
f i 1 1 ra t ion . with  h , 
the  initially  vert  i 
a ^owei  H.  The  prob 


PAut 


vein  h,  anu  h?  under jrcu n 1 water  with  free- flow 
> 'I,  h ? - 0 this  care  answers  the  propagation  of 
cal  boundary  between  liquid  and  qas  in  layer  wi*h 
lem  ot  this  notion  cf  boundary  appears  during  tf,r 


desiqn  of  underground  storage  of  qas  f 14]. 
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Chapter  V. 

APPROXIMATION  METHODS  01  THE  SOLUTION  fE  THE  PROBLEMS  OF  UNSTEADY 

FILTRATION. 

If  we  do  no*  consider  linear  problems,  obtaining  the  effective 

i 

l 

| 


•4 
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exact  rolu*  ion  of  ♦ :t»  problems  of  unsteady  tilt  rat  ion  will  : rov.  *o 
he  faster  »*rept  ion/e  1 i»  ina  tioi.#  titan  ;v  rule.  ; however  , even , the 
solution;  of  linear  problems,  in  tr.eery  is  always  available,  not 
always  satisfy  th~  ru  puiremer.tr  tor  simplicity  and  visibility,  in  a:, 
even  larger  treasure  this  jg  relate!  to  the  solutions  (in  this  took 
not  e xami ne/consi ic red ) , obtained  with  the  <n  i cl  electronic 
compu  t*  i s. 

Diverse  technical  problems  must  b<  solve!  in  i comr>a  ra  t i vnly 
simple  analytical  torn,  wnich  al  low/astumer  th<  gualitativ*  analysis 
ct  solution  depending  cn  th*  parameters  oi  th<-*  problem.  In  connection 
with  this  wide  application  cbt.ai  nod  the  approximate  problems.  The 
majority  cf  *hese  methods  dees  not  have  stnet  substantiation,  tnd 
their  us*  is  justified  bv  the  mainly  fact  that  during  the  comparison 
cf  results  with  known  exact  solutions  is  oh  tailed  the  satisfactory 
agreement . 

Before  passing  to  the  concrete/specific/actual  study  of  problem, 
let  us  !<•  t us  point  out  the-  specific  special  f t at  ure/pecu  1 i a rit  ies  of 
the  problems  of  the  unstaticnary  filtration  which  in  many  respects 
causes  the  success  of  the  a pp 1 icat i on/use  of  a p proxi ma t ion  methods. 


DOT 


)h  n >•  i RbO 
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1.  Th f majority  of  t|,e  problems  of  unsteady  filtration  is 
reduced  t > the  parabolic  equations,  tci  which  in  characteristic  t V 
smoothing  of  dicturhar.ee/pptturlation:.  in  t n*?  course  of  time,  also, 
with  th*-ir  advance'  insidi  the  region  tci  which  is  examined  the 
so  1 lit  icn. 


2.  In 

series  or 

prol  1 sms. 

w h i c: : 

•i  are  o i 

i n ter est  for  a 

tec  hi.  oloqy 

, sol  ut  ion 

it  has  at 

‘ OBU 

pci r t s 

ct  the  range  of  motion 

known  special  f eat  ure/peciil  iai  i t ies,  aid  outside  fhe  vicinities  of 
these  points  the  state  of  system  are  i. early  unperturbed  or 
stationary.  This  situation  is  even  mor<  important  in  vi» w of  the  fact 
that  the  linearity  cf  many  jrolieir:  is  exhibited  orlv  during  th- 

considerable  ieflection  rl  system  from  sta^ionaiy  state. 

3.  Practical  interest  they  te presort  the  integral 
chara ct erist ics  of  solution. 
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1 he 

h Ot  e 1 Sp^  .'C  i a 1 

fcahiti 

/ [ PC  u 1 

i a r i t i r 

S of  the  pt 

obi ene-  of 

unsteac y 

filtration  i - t 

e r n i no 

* 1 e cl 

it  act  e i 

o f ap pr ox i 

motion  method 

In  assent 

. t h o v consi  . t 

in  the 

fact 

♦hat  1 

placed  at 

fits*  the 

problem,  close  to  latum  and  which  ha  • 1 1 ctive  solution,  ar  i ther 
search  for  - > r a 1 1 corrections  to  this  solution,  khen  th--*  initial 
proLleu  .a  : special  f»  1 1 ur e/pc cul i a l i + ies  , is  1 cq  ic?tl  t0  p o::  «i 

auxiliary  problem  with  th«  sane  special  teatu re/pecul ia rit ios. 
Approximation  methods  ire  dist  mquished  depend i ro  on  which  rrobloms 
are  utilised  as  "-lose"  and  how  in*-o  solution  arc  introduced 
supplementary  correct i o r s . 

The  appl  icat  ion/use  of  ap  pr  cx  i mat.  i cn  methods  and  * o 
concr  e t ( /:;  pec  if  ic/a  ct  u a ] prcbltn  has  its  specific  character, 
especially  in  connection  with  the  requirement  ret  effectiveness. 
Therefore,  without  ittemptinq  to  qive  ready  formulas  for  each  method, 
let  us  qiv*-  the  examples  from  which  will  he  char  and  the  technician 
of  tne  appl  icat  ioti/use  of  a method,  and  possible  complications  when 
usinq  him  in  other  facts. 


51.  Diagram  of  the  me* hed  inteqral  r e 1 a t ionsh i r /r at io.  Tnflow  to 


nnc 


h OM  -jt.o 


p a < ; i- 


ga  1 1 e r y in  inti  nit  e La  yet  1 ur  inq  olast  i<  b ie/condi tion  . 


Let  ns  examine  liter  ct  ali  £ jv-tal  on -- d l mens  iona  1 problems  or 
the  theory  of  elastic  mcde/coi.  d it  i in;.  In  ‘ins  case,,  as  is  known, 
frossui  (!  listr  ibut  ion  is  Ipsci  i lei  by  the  1 inea  t equation  of  *■  aerma  1 
conductivity 

<>p  . 

Ji  =*V-/',  (V.M) 


and  thr  u.,<  of  appr  cx  t mat  ion  method:?  is  connected  not  with  » he 
impossii  i li  t y of  obtaining  exact  scluf  i ens,  but  with  t.h<-*ir 
complexity.  Furthermore,  the  solution  of  seriei  of  problems  ha  a 
number  ..  v.;»  i>m  it  ic  val  >•* . 


1.  Fa  r 1 1 -i  (sfe  rhdj.ttr  ill,  .1)  war  »ln:  idy  giv«-r  ♦ . 
cf  the  problem  of  the  st  irtinq  a tunnel  in  intirit*-  lay  a,  w L id 
takes  the  form: 

P = P„-(Po-Pi)erf  ^y=.  (V.J.2) 
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where  } 0 i . * ; .*■  i. r>  i i i 1 } t r : u i in  1 a v •’  r ; { , - pr^ssur*-  o r ♦ in.  n<  i . 


The  jj  ftfronci1  i:. -tween  t h « i n 1 t i a 1 pre  ;:sur*  ini  it., 
i nsta nt a r o u ; value  rapidly  dfcroitso;. 


Utilizing  dott-irn  ioi:  o t 
term  cf  lr’ogral,  it  is  easy  tc 


the  inner  ion  oi  + n«-  error,  r in  o 
shew,  i nte  g i d t i rn  in  part:;  t im  t 


' p — I‘o\<\Pn—  Pi\~l ~ exp  { — 7~})‘ 


. Then*  fort  it  i.-,  logical  tc  i i trcduce  t hr  concept  about  the  i urge  o 
the  effect  of  gallery,  i.e.  the  range  in  which  the  [rpr.sure 
noticeally  differs  from  its  i r 1 1 i a ] value,  fren  the 

ptecetlinq/f  revious  formula  and  ‘tom  J i mens  icna  1 considerations  it  is 
clear  that  t he*  si  /.e/i  i.  raerision  oi  the  large  ct  effect 

l(t)  ~ (V.1.3) 

where  c - the  constant  cf  t he  order  of  cne  whose  value  it  depends  or, 
as  is  ili  ti  r mined  the  range  of  effect. 
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We  W l 

11  now 

r*  a r c h to  r 

t i 

* a 

{ [ i ox i ma  t 

‘ scl ut  j on  of 

p I ot 

let 

us  assume 

that  out 

oil-'  the 

i i n 

eje 

ot  the  ef 

feet 

cf  t.  fie  qu 

1 1 or 

y c 

irotion  no, 

i 1.  1 wit 

hm  it  p r 

J ss 

u r e 

is  d i s t r 

ib  u t < 

d just  as 

wi* 

u 

star  j ciary 

f i 1 1 r a t 

i on  , i . e. 

, i 

t i 

s linear. 

Let 

us  accept 

f ur 

♦ - 

that  t i • ; 

I ossu I ° 

is  cent  i ii  iicu 

r . Then 

p(x,  t)-=pl  + (pv-pl)  L 
p (x,  I)  = p0 


10  a X-  /(<}]; 

[xSsl  (M). 


(V.1/t> 


N * it  suffices  to  determine  the  form  cf  dependence  ] (*•)  in 


m 


cor 


7 1 V>1  PfiO 


cr  dei  <-•>-  f 1 ► t hi  cor.  uuct  uu  of  a p [ r c x l n a t e solution.  T '<“■ 

selection  <>t  Le  l.i  t ionsh  i p/rati  c ft  i iPitrsirinc  of  1 { t ) L t , a 
certain  arbitrary,  sincf  it  ru  r.  ct  [ css i fie  +o  indica*  ' fha*’ 

only  re  la t i onsh ip/rat  io  after  sa  t is  fyi  r:  ••  | which,  i t i s j.  »ssif  ]<•  to 
achieve  tne  h<-s*  conformity  betweer  the  apfroxinate  soluticr  (V.I.i) 
and  t ft  exact  solution  ct  stated  problem,  since  for  the  :a  ion  t y of 
applicatior./a  [ per.dices  t hr  primary  tie  a n in  q las  the  correct 


determinatior  of 

*■  h e a m o u n t 

of  take / select^-l  ft 

c ir. 

layer 

1 i r u id 

9 

usual ly  form  dar  y 

1 ( t ) find 

fLCii  the*  cc  rd  i t io  n 

cf 

- : t • ! 

l a 1 h a 1 

arce 

foL  a as  a 

whole.  For 

♦ i n,  t u t past  tfe  sect. 

ion  of 

t h 

c t j o r 

ct  layer  w j t h a width  of  b and  with  a pewer  :i  passes  the  volui  of 
liquid  iiriu!*,  wl.-reupon  in  accordance  with  the  law  of  f il t ra  t icn 


— JLp-  ! _ Jl  /’i  - r « 

it  dx  i V— 0 |1  / 


(V.i.r.) 


. Hot  time  t.  from  tho  rt.ait  pant  section  x = 0,  it  pa  sses  the 

volume  of  lijuid 


t 

n (/)_  hhIL  r p<-p» 
w h J i < < ) 

0 


(it. 


(V.l.fi) 
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•ed  (w 

ill  r o r 

a certainty 

consii  er  that 

fren  layer  is 

t ak  e/s'>  1 ret  pc 

! the 

liquid 

ind  ti  < Po) 

because  of  a 

(Ipcos  fi 1 .;si'ir 

in  the  i a r<io 

cf  rro 

tie.  n.  A 

Fsurincj  + ha* 

t f p deform a *io n 

of  layer  arJ 

liquid  occurs 

rla  :;f 

i c t wr 

Lav*2 
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Q — mbll  J dx 
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i U) 

mli  It 
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(i 


/,,)(.T~l)  dx-  (v-l-?) 


juat  i rci  expressions  (V.16)  and  (V.17),  w.  ubt a i n 


yr bu  (Pi  - Po)  i 
0 


(it 

no 


^(P,-Po)f(j 
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. Page  118.  The  solution  to  egua*ion  (V.  1.8),  obviously,  takes 

the  form: 


/=  2 1 fy.1 


(V.l.fl) 


(cons  t 


r 


Thus,  th<?  resultant  expression  for  a pressure  will  he 


p(*.  0 = Pi  + 4-(p.-p.)tt^ 

p (*.  0 = p. 


(0  ^ x 2 1/x/); 

_ (V.1.10) 

(x  > 2/x7). 
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. Accot'luig  to  - nhi*  ion  (V.1.5)  the  L it1  cf  filtration  on  *-h 

boundary  of  layei  i changed  according  to  the  law 


II  l!  1 Y.I 


(V.l.JJ) 


. Froir  exact  solution  (V.1.2)  for  a rate  of  filtration  is 

obtained  r ha  exftossi  o n 


u0  (0,  t)  - L'-Pq 
!*  f'nxt 


(V.l.12) 


. Tins,  the  obtained  solution,  giving  the  qualitatively  accurate 

description  of  motion,  is  all  the  same  cnly  roughly  approximated. 
Nevertheless  the  illustrated  above  method,  called  the  method  of  the 
consecutive-  exchange  of  steady  states,  obtained  sufficiently  wide 
application  in  [tactical  calculations,  without  hoinq  stopped  on 
further  examples  and  the  theciy  of  elastic  irode/condi  t ions,  which  can 
be  found  in  I.  A.  Charny's  books  r IIP,  119],  v.  N.  Shchelkache va  and 
E.  3.  I.  ap  uk  [126],  A.  M . Piiveidyan  [91]  e t a 1 . , let  us  foimulate1  the 
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common  diagram  of  method. 

If'  as Rii mod  out  luring  ‘he  imposition  cf 
disturbai.ee/perturl  ltion  t-ntiri  layer  distinctly  i i vi  ie  /ma  r k od  off 
into  two  range  - t he  tango  cf  t he  undisturbed  state  and  the  range  or 
dist u r La ncr/p^r tur bat i c r and  flat  pressure  in  the  range  of 
distu  rba  nee/ pert  ur  fat- i o n distributed  in  the  manner  that  if  motion  in 
this  range  was  stationary,  and  outside  f he  range  of 
disturbance/pertur bat i on  - dist ur b a nee/ pe r t ur ba t ion  was  completely 
absent.  Finally,  with  the  aid  of  certain  supplementary  condition  as 
which  most  frequently  is  selected  the  equation  cf  material  balance, 
is  determined  the  law  of  the  yrowth  of  the  range  of 
d i st u r l ance/per tur  f a t i or . 


Thus,  the  method  of  the  consecutive  exchange  of  steady  states  is 
based  cr.  three  assumptions:  1)  there  is  a finite  domain  of  the 

disturled  notion;  2)  motion  within  this  domain  stationary;  1)  the 
size/dimension  of  the  domain  of  the-  d ist  u r fcance/pert  urbat  i on  of  is 
determined  from  the  condition  of  material  balance. 


The  first,  of  ‘■he.se  three  assumptions  hy  itself  will  no‘ 


-4 
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introduce  consider  a 1 le  ccroi,  sino1,  hi  i : knew;  from  examples,  t h«- 

disturbed  motion  very  rapidly  attenuates  with  removal/distance  from 
the  plcicf  cf  di  ht  n r ta  n ce/pF  r t ui  t at  ion.  The  second  assumption  is 
connected  witii  the  fact  that  tie  re*  ion  of  liquid  near  perturbation 
source  comparatively  rapidly  stabilizes. 

Fage  119. 

However,  here  arbitrary  is  the  assumption  about  that  which 

stabilization  occurs  immediately  in  an  entire  range  of  possible 
motion.  The  third  assumption  is  completely  logical,  although  the 
selection  of  precisely  this  supplementary  condition  is  not  completely 
recessar  y. 


1.  The  given  reasonings  show  that  the  possible  refinements  of 
the  method  of  the  consecutive  exchange  cf  steady  states  are  connected 
first  of  all  with  the  replacement  of  the  second  assumption  by 
different,  more  corresponding  the  true  position  of  businesses,  and 
with  the  appropriate  change  in  those  s u p pi e me n t at y conditions,  cn  the 
basis  of  which  is  determined  the  size/dimension  of  the  range  of 
disturbance/perturbation. 
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(y,  t)  a z * i solutic.t  t i equation  (V.11)  in  the  ruse  ot 
il  i near-pa ral IpI  motior: 


dp  r d'lp 

tit  Ox- 


(V.1.13) 


:»er  iriii  It  i p lyi  ng  this  equation  for  the  arbitrary  function  t 
if  ter  integrating  over  x within  limits  from  L,  (t)  to  iP 
i .1  ‘.fair,  equation 


I; 


i 57  / (x,  t)  dx  = x \ ~ / (x,  t)  dx, 


(V.1.14) 
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valil  with  any  I.,,  L?,  f (x,  t)  arl  t. 

Let  there  be  in  “his  case  the  family  c£  such  functions  of 
Jn  (x,  t)  (n  - 0.1  that  with  any  t this  family  is  full  (as 

fa  ail  y of  functions  of  x)  on  cut  [lt  (t),  L2  (t)1.  Let,  further,  ♦he 
re  la t ionsh i p/ratio  (V.  1.14)  be  fulfilled  for  all  /„.  Then,  if 

the  derivatives  dp/dt  and  d2p/dx * are  continuous,  then  is  function  p 

(x,  t)  satisfies  an  equation  (V.1.13)  with  1,  (t)  x <_  I.?  ( t ) . Thus, 

between  the  system  of  the  integral  equalities  (v.1.13),  written  for  a 
complete  system  of  functions,  and  the  differential  equation  (V.1.13) 
there  is  a equivalency,  and  instead  of  the  solution  to  equation 


(V.1.13)  it  is  possible  t.c  search  for  the  solution  of  the  system  of 
equations  of  form  (V.1.14). 
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t t h»-  iinqlost  complete  system  of  functions  - th° 
decrees  of  th  roe- dimensicr.al/sp  ace  variable* 


i,  x,  x* 


( V . 1 . 1 4 ) w e have 


/-•<')  /..</> 

J xnd^di  v.  f (n-0,  1,  ...).  (V.l.lSy 

J-i  <0  L,  (/) 
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left  side  c f this  equation  can  b < presented,  tv  u *•  i 1 i 
t differentiation  of  definite  integral,  in  the  fou: 


i . <••) 


J-.  <o 


( i > 

~drdx==7T  y px"dx-p(T.,,t)  L” 

i.id) 


OA? 


rf/:L 

dt  - 


: riiht  side  it.  is  possible  to  conduct  integrations  in 
lit  after  simple  calculations,  we  Mill  obtain  from  (V. 


l-t  <n 

JT  J 0*"  dx  = x/S,  -Jf  )„f<- 

/.*  (/) 


— xnL'l~lp(Li,  i)  UxnI"x~'p(Lx,  t)  -f- 

r, 

n (n  — 1)  x f />(*,  0 x"-tdx  +p(l2,  i)  /„»^L 

dh. 


-/>(£,.  t)L1- 


dt  ■ 


(V.1.16) 
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. During  the  construction  of  the  approximate  solution  to 

conveniently  u.;e  the  systf'it  of  integral  relaticnship/ratios  (V.1.6), 
than  hy  the  initial  differential  equation,  since  in  expression  (V 
1.16)  do  not.  enter  the  derivatives  of  unknown  functions. 

).  Let  us  examine  aejain  t l.e  problem  of  the  disturbance  of 
initially  steady  motion  in  lay*-r.  Let  at  tccque/moroent  t = 0 pressure 

p(*,0)-P  + G*.  (V.1.17) 


1 


I p is  >i  i .tri  luted  dccordinn  to  t hp  law 

to  t Up  dii.if'i  in  j » • 1-H-t  ion  of  liquid  frctn  layci  with 
ex  per.  .li  tut  /<•<  i. . »r;  ♦ ion  - kblfGfp  (specifically,  ; - 0 i ♦ corr--:.t.on 
to  the  .1 : ■;;*  i;  • : ■ " i or.  i p t h t ur  1 ist  u r be  i 1 a y er  ) . I. • 1 , f u r - r r , 

dist  u r 1 an ce/p**:  • ur  : it  i . r«  as  a result  of  certain  ci.a  r,g«  i p t 

boundary  • 1 it i n:  - 0.  Then,  obviously,  a"  • ich  torque/aoment 

prcGsui  -a  :h.ir  i in  » i.  ■ >v“d  away  uoints  of  layer  is  small  . 

Therefore , i*  is  nutui  1 1 , with  the  seal ch  of  the  approximate  solution 
to  a pi  in  irtrO'luc-  tf  • cone  p*  about  the  finite  icmain  if  effect  o j 
x <.  1 (r)  , lasumirj  *o  r>  * ♦ ,.a»  on  boundary  of  x - 1 ( - ) ‘he  pr.-osur* 
and  fluid  t low  rat*  ) i ; not  ha  v*-  time  * c chanqe  and  retain  initial 
value  (n  +iu  case  of  t he  final  layer  with  an  extent  of  L the  lomair 
of  effect,  beginning  with  certain  t orq  ue/atoien  t t *,  covers  layer 
wholly,  aid  1 (t)  - L,  t > t *). 

Pa  ye  121. 

We  -ill  search  ioi  the  approximate  scluticn  of  problem  in  M;r, 

term  cf  polynomial 


,,  (T,  I ) = P„  (/)  + P , (/)  x/l  + PH  ( t ) x"//"  (0  ^ x < /); 

p(r,  t)-=p(x,  0)  (xS *1). 
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- ""  • - '>Xj.r  ion  ( V . 1 . 1 tt)  cotvlot  ely  it  at  terming  1 by  n + !y  2 

unknown  functions  ot  tin*  - by  cot  fiicients  /»„,  /*, />„  and  bv  t ’.<• 

fotiticr.  ot  the  hound*  ry  of  t ht  i-  jicr.  of  efftc* 
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The  *n.;t  oh  th-so  conditions  is  continuity  of  pressurp 

P(l,  t)~  P-  Gl.  (V.l.JII) 

Ai.ci  logons  1 y - h < :ort  inuity  condition  of  exit .ml  iture/consu  mj  ti  rr. 
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Finally,  *his  system  or  coi.dit  ion: 
conditions  of  the  1 <;  t ■->  r m i n*  d smoothness 
of  the  distil  rued  iomain  ot 


can  he  supplementc d 
c f solutions  or  the 


by  t he 
lie  >i n dary 


Mp  (!,  I ) _ Okp(l,  i ) 

dx-  • • • (ljk 


(V.J.2J) 


The  basic  question  during  the  appl icat lon/use  of  a method  of 
integral  r el at i onsh ip/ l at ios  lies  in  the  fact  t ha* , which  from  the 
infinite  nutihu  of  condi  tiers  one  should  utilize-  for  determining 
unknowns.  Tt  is  clear  that  it  is  necessary  to  utilize  at  least  cue  of 
the  integral  t elat  i onsh  ip/rati  cs,  since  otherwise-  in  no  way  will  be 
used  equation  (V. 1.13).  Compulsorily  also  must  te  used  boundary 
condition  with  x = 0,  since  it  reflects  the  specific  character  ot 
problem.  For  those  considerations  must  te  accepted  the  continuity 
condition  of  pressure  and  expe  r.d  it  ure/ccns  ump  t icn  with  x = 1. 
Considerably  to  complexly  give  any  r eccmmendat iens  by  choice  of  the 
remaining  determining  re  la t ienshi p/rat i cs.  Let  us  note  only  that  each 
integral  relationship/ratio  adds  one  differential  equation,  but  each 
condition  of  smoothness  with  x = X,  is  one  finite  relation. 
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At  the  same  time  the  conditions  when  x = 1,  while  local, 
they  can  not  ensure 

a good  a ppr  ox  i ma*  i on  of  rcluticn  ir  t.he  basic  domain.  lomov'r 
acceptance  of  too  large  a number  of  such  renditions  car  lead  * 
qualitativt  ii  i s t or  r ion  of  sclutior  - tc  the  appearance  of 
oscillat  ior/viizat  ions  etc.  From  this  viewpoint,  the  use  of  in 
relationship/ratios  an  the  supp leironta  t y deter r in inq  condition 
during  an  increase  in  the  erdet  ol  a pp.i  ox  imat  icn  - is  more  jus 
although  is  acre  complicated. 


4.  Let  us  use  those  commor/ge no ra 1/ tot  a l ccn.si  sera  t ion  s t 
formulated  ahove  prcbleir  cf  the  la  unch  i ng/ s ta  r t inq  of  gallery, 
this  case 

p(0,  /)  -=/>,;  p(*,O)^po  = 0 (V.1.22) 


(it  is  convenient  to  accept  the  initial  value  cf  pressure  for 
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sure  distribution  we 

wi  1 1 

sea  rch 

fer  in  the  form  (V.1 

lltili7ing 

a condition  (V.1.22) 

» we 

obtain 

Po(t)  - Pi, 

p0  '■ 

Pi  -f  ... 

rpn  = 0-  (V.J.23) 
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.S(jt/a:;sumiiVj  i ri  (V.1.H,)  1,  (r) 
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integral  relationship/ratios  ir  the  fom: 


l ( f ) » we  tin’ 


tJ"*— * 

n 


~ ^ pxdx^xp( 0, 7); 

ft 

/</)  J 

~ [ pxk  dx  = xft  (A  - 1 ) \’  p (x,  I ) s*"’  rfx 

ft  « 


(V.  1.2-1) 
(V.1.25) 


(*S*2). 


(V.1.2H) 


r.oc 


. If  we  select  r.  = 1 and  to  utilize  a?  the  only  missing 

condition  an  integral  relationship/rat  ic  (V.1.2U),  then  we  will 
return  tc  solution  Ly  f hn  method  ot  the  consecutive  exchange  ot 
stationary  state.  Wr  will  new  more  precisely  formulate  solution, 
using  approach/appr cximat ion  hy  the  polynomials  of  higher  order.  We 
will  set  n = i and  add  one  additional  ccnditicr. 


•w 
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L*-‘r  on  » jk  e f itr.t  as  ►his  cunf  1<*im  nt 


y cc  n *1  1 
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Ox 


IX-/-0 


= 0. 


■he 


/,o  = p1;  /Vf  Pi  + P,  = o-  pt +2P,  o, 


a from  ( V . 1 . 2 4 ) follows  relat.  icrsfip/ratic 


o r i 

, * r t 1 

tit 


l /./+7/y  + l/y]=_xZL. 


» L^i.ce  we  f i rid 


/Jo  = p,;  P.--2P,; 


(V.1.27) 


( V .1 .28) 
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. p e speot  i v->  1 y for  a Late  of  filMaticr  cr  boundary  of  u (0, 

we  obtain 


«(0,  t)  — — 


h_p i_ 
f‘  K.w  ’ 


(V.1.29) 


that  already  very  closely  to  exact.  expresFi.cn  (V.  1.12).  L»t  us  loo 
now,  which  will  be  obtained,  if  wo  as  supplementary  condition  util 
the  second  integral  re  la t icnsh i p/ratio  (V.1.25). 


We  have  a system  of  equations 


P»  ~ Pit  po  + Pi  + Pt  = 0; 


(V.1.30) 
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Integration  of  the  las  t/iat  t er  rrl at  ions h i p/rat io  lives 


r-  ((!/>,  \l\  + 3/i.)  - 12 x/y . 


■xpressing  P?  through  P,  , it  is  ctvious,  that 


l'  (3p,  + /*,)  = 12x/>,<; 

S-l/(4p,  + A,,)l«-  ^ 


(V.1.31) 


In  the  given  case  it  is  evident  that 


/ = c]/xJ;  c = const, 


(V.J.32) 


so  that  the  solution  of  problem  is  simplified.  From  (V.1.32) 
it  follows 


pt  = — 3 pt  — const 


and 
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12x</>, 

-{Pi  i /‘i 
.IPrM'i  : 


12/* 


f- 


12Pi  . 

:V'i  /*,  ’ 


P'  + ^PiP,  4/T  - 2/>,. 


. Consequently,  the  solution,  found  thus,  coincides  with 

solution  (V.1.28)  - (V.  1.29). 

Let  us  examine  now,  whici  car  give  the  following 
approacb/approxiraation  (n  = 4). 

According  to  common  diagram  wc  have  solution  in  the  form: 

p(x,  t)  = Pt  + Plx/l  + Ptx*/lt  + P,**/l*\  *<l- 


• If  w>  .ice  m * as  I »5nion  t at  y cor.  ili+icns 

p(0,  t)  = /),;  p (/,/)  = 0;  dp  (/,  t)/dx~0 

* i ♦ wo  irtejral  r f I d t ionsh  ip/r  a t ios  (V.1.2U),  *•  Lvn  wr  will 
cttain  syr.t-em  of  equations 


, ; /'o  -r  Pi  1 Pi  1 Pt  = 0;  Pi  + IP  I 3 P3  = 0; 


^Pil'+^PiP  ’ jW  {P*P]=*Pi- 
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. T l * solution  of  t ! i ny.*  trji  t y u:  d<7  u a 1 1 y i .1  a 1 rea  d y f oil : • . 

It,  a | ■ a i ■ i 1 1 y , is  given  l.y  ex  1 [('iii'ichi 

p.  -p,;  /,t--2/»1;  - px ; /»,-<);  F-12v.r, 

since  i t :i,i  t.  i sf  i • .»  .;ys t <-ir  ( V.  1 . / 7)  — ( V . 1 . ?.  7<i)  , a re!  to  . v t e ti 

(V.  1 . JO)  . 

Page  12^. 


Tl.ur.,  * ! •>  obtained  third  apja  oach/apj  reximat  i on  coincide.!  «i‘  1 
the  second. 


let  a infect  now  mother  sy:.*  cm  cf  ‘lit  determining  conditions. 


Lc  *■  u:  require  ♦he'  execution  conditions; 

P(0,  0 = Pm  pd,t)^0 

and  ♦ nr  n*  of  fit:-.*  integral  re  la ti ensh i f /i ati cs . Then  tor  deter  mi  n ii  j 
F,,  P?,  Pi  ar.i  !’□  nr  have  the  jollovinn  system: 


!\  ~ P, ; Pn  1\  P,  l P3  - 0; 

4p,/  4 y'V]-  XT-  = 

if  [4  'Vs  -i  4 'V*  I ;VM-  ~ IV1]  x/»,; 

: -!•  /Vs  y/V*  : y/V3'’- 

-x[/V  ! 4-^V  4 />,/  I y /y] . 


. Anti  in  ’■his  case  ’■ht-  solution  is  facilitated  ty  t lie  fact  that  fro.n 
the  dimensional  consid  >raticrs  of  / — e]/^Tt,  d /•  car.  he 

cnly  coi.s’dnts.  Therefore  equations  (V.1..H)  are  reduced  to  alqelraic 
system 


/ 


COC  - 7 r ■ 0 1 •'!.  0 


. ■ A I ; ? 


3 *)/ 


— /' 


/’o  Pu  Po  Pi~P>  ; />3  = C); 

[/»«  J-  { P,  7 />,+  j P,1  = — 2P, ; 

f -!  i_  />  ! . JL  p J _L  p 4.  _L  7)  3 __  p . 

L I •>  ' 0 I ' I l T^J  ,~/oi 


— P . i/)  lip  = ~ P . ip  J ip 

' 1 r * 2 ‘ 3 1 •(  | ’ « n •>  *1  I 1 2 


. bv  < 1 in  i n j t L*  iinKr>own«.  Po * ^ l » d r ■ P 3 » * ■ ror":“  1 * 

following  cJi.ic  equation  lot  c?: 


c* _ Me'  3 J 440c*  - 9000  = 0, 


only  rral  root  of  which 


c * 03,78. 
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For  remaining  unknowns  w<  lav- 


P.-ZY,  P,  = -4,67p,;  /\  fi.79  Pl;  P,=  -3,12/y 


For  a rate  of  filtration  on  boundary 


u (0,  0 = -^-  = 


Aj_  O.-Wip, 
f<  I xT 


*l_  Pi 
M I"' 2.03x1  * 
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Compare  the  now  first  three  a p { roach/a pn rex ima t ions:  th«  first 


/>(*.')-/>!  (i-y^y  (x^2V^T); 
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second 


l>  (».  0 = ft  (l  - -3J^+Tsr)  (*«Vr)2«<)i 


thirl 


p (x,  /)  ■=  />,  ( 1 -0,583  + 0,107  ~ 4- O.OOf.J  -2^-^ 

V v x<  x'  (X/)  ■ • / 

(**5  7,98  /xT). 


. The  results  of  calculation  ter  three 

approach/. if  prox  ina  t ions  ar«>  shown  in  Fiq.  V.1  teqether  with  exact 
solution  (numerals  ot  curves  correspond  to  the  runber  of 
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approach/approxina t ion,  zero  answers  *? * ac t solution). 


Pio'n  tht1  give  n i-xauplf  is  ck  ir  * he  diajiarr  of  the 
application/use  of  < method  of  i n*  <-q  ra  1 ».  la  t i c ns n i p/ra  tior.  to  the 
problems  of  elastic  noJe/comation:  . T ♦ i:  cl  'an  ilso,  ♦hat  the 

construction  of  a proach/ap  p ro x i ma  t i one  iy  rht  polynomials  of  rhe 
high  order  is  e ncou  n t or  e*i  the  diff  icult  y net  c n 1 v of  computational, 

1 u*  also  fundamental  nataefer.  Firs’-  cf  all  ’h  i arc  no  any 
su  1st  dr  t la  t »d  r ul  os  for  t fie  selection  c f ♦ ha*  c r i i f f c i n * of  s<~>  v**  r a 1 
possi  hi-  : ; a :>  p 1 e mo  n t a r y conditions,  t a second  i if  f icul*  y is  connected 
with  the  f ac*  that  tho  a ppr  cach/a  p p r ox  i ira  1 1 cn  1 y polynomials  can  i i v — 
th“  solution:-:  of  the  physically  inmlmi  £ sil  1-  fetn  (lor  example 
negative  ori  certain  sectior,  see  the  avera  le/mcan  curve  in  Fi  j.  V.  1) 

during  * hr  a t ‘ooipt  to  raise  the  accuracy  of  t p j roach/appr  ox  ina  *■  ion . 


p/pr 
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§2.  Solution  of  the  probleirs  of  elastic  raode/cond  it  ions  by  the  method 
of  integral  correlations. 

Let  us  give  still  several  examples  of  the  use  of  a mettoi  of 
integral  correlations  for  the  solution  cf  the  problem  of  elastic 
icode/cor.  i it  ions.  From  the  comparison  of  the  obtained  solutions  with 
the  appropriate  "precise*'  solutions. 


arc  obvious  the  advantage^  of 


after  n ult  iplicat  ion  by  pK+l  and  integration  within  limits  from  f, 
to  ?,g,  wc  will  obtain,  by  analogy  with  correlation  ( V 1 . 1 «S ) , the 
identities:  with  k - 0 (equation  oi  material  ba  la  nee) 


! 


nor 


7-  U'l  ;-<M) 


3?7 


> * 

T ( P(r,l)rdr  = xR,  ( *IL\  _ R ( dP  \ 

«.  -W'A-k,  ^-57- Jr.„, 

+ n(Ht,t)Rt^-p{Rut)n  dju; 

1 tf/  • 


with  k > 0 


H. 

-<7  \ P(r>  *)'**' dr  ~xR*p(g.)  -xR^(^L)  _ 

H,  ^ t,r  1 V Jr.H, 

. «. 
~xkn\p(Ri,t)MXkRklp(niit)  + xki  | p(r,t)rk-'dr-. 


p 0 *?**  ^r-p  (/?„  0 /?*« 
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. We  will  usf>  the.se  correlations  in  order  to  obtain  the 

approximation  solution  to  thf  task  of  the  launching/starti  iuj  of  hor^ 
hole  - the  basic  task  for  the  rumetcus  irethcds  cf  the  study  of  bote 

he  les. 


Lot  us  accept  the  initial  (constant)  pressure  in  layer  for  r^to, 
We  will  consider  that  at  terque/moment  t = C it  begins  the  ring-off 
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ct  li quiil  from  the 
radius.  Assuming  t. 
have  the  ad-litiona 
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. precise  the 

chapter  ITI,  takes 
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layer  through  the  here  hole  cf  a negligible 
hat  f hr  sf  Hrtion  occurs  in  a constant  rs^,  wc 
1 conditions: 


= 0; 


■5^) 


•>nkh  V 


(V.2.3) 


soluticn  tc  this  task  as  it  was  shown  into 
the  ten  : 


/>('.<) -is  i(-iS-)-  (v«) 
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he  a ppr ox ima te  soluticn  of  task.  Let  us  introduce  newly 
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increasing  in  time  tali  us  J (*)  and  let  ur  assume  *hat  with  r > ^ (*•) 


P(r , 0=0. 
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In  this  case,  the  integral  correlations  (V.2.2),  written  down 
for  cut  0 < r < (t)  , take  the  form: 


I U) 

If  \ rp('r’  ,)dr=z  -*q;  (V-2.fi) 

d r"*° 

i in  i 

-jj- \ p (r,  t)dr—  xk*  \ p (r,  t)  rk~'  dr  {lc^  1).  (V.2.H) 

« ii 


T 


: ■ - 


■d 


. A:,  it  follows  ; ro;«  boundary  ccnditici  with  r —&>)  r nocon.l 

condition  (V.2.3)  ],  the  unknown  solution  possesses  wi^h  r — pO  w i » h 
the  peculiarity  that  at  dp/dr  q/r.  Therefore  the  Irawinj 

near  function  let  us  select  so  that  it  would  hav’  * he  same  special 
f eat  ur  c-/pecu  lia  rit  y , i.c.,  let  us  accept 
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p(r,l)^  q\n  j+P0  . . P„~.  (V.2.7) 


. J J.i*  as  d irxn  j .u  a 1 1**1  m : t ic  n , tcu-jh  ipproximation  1 . 

obtained  under  the  us.iumpticr  that 


/>,  = pt  = . . . = rn  = o. 


. From  t hr-  continuity  condition  of  pressuie  with  r = \»  we  havr 

also  f0  - 0;  therefor-  remains  only  on«.  unknotu  function"!,  (t)  which 
is  d«at^i  mined  with  t h<>  aid  ct  ore  irit^qral  correlation.  As  *his 
correlation  let  us  take  the  equation  of  material  balance  (V.2.^). 
Simple  calculation  jives 


/*  = 4xr. 


(V  .2.8) 
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i c that  i n sero  a pr>  co x i ma  t i ci. 


Po  0 ^ Q I n — 4=r  (r  2 VAx/  ); 

■Jl  xt 

Po(r,  0=0  (r^2l/x7). 
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. Z‘-ro  approx  iira*  ion,  c brained  in  this  manner,  again  coincides 

with  solution  cy  the  method  of  the  sequential  change  of  th<~ 

staticr.aty  states  (recall  that  the  pressure  in  stationary 
flat. / plan* - -radial  flow  1 i n e a l 1 y depends  or.  In  t). 


Wit)  •■he 

unknou  r . s , a r * 
to  use  either 


etrohinj  of  higher  approximations  for  determining 
necessary  additional  ccnditiona.  As  them  it  ir  possible 
the  subsequent  integral  correlations,  which  answer  t 


Therefore  for  determining  unknown  coefficients  in  formula  (V.2.7) 
along  with  integral  cor  re  la  t ions-  it  is  possible  to  use  expressions 

(V.2.  10)  . 

Let  us  be  limited  to  the  first  it  j ronuticr: 

P ('.  ')  = 9 In  P,  ( t ) + P,  (0  (V.2.J1) 

I 


I 


we  will  determine  unknowns  so  that  would  be  fulfilled  integral 
correlation  (V.  2.  5)  and  conditions  p (I,  t)  — dp  (l,  l)/dr  — 0.  t.) 


Then 
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whence 


. «#J- 

l—V  12x/  u P(r,t)  = 

==qlnrkr-q^yhr- 

(V.2.12) 


Figure  V.2  fjives  the  coirjaiison  cf  exact  solution  (V.2.4) 
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•c  1 u t i r r 

: (V/7/ 

i ) - broken  cuiv< 

and  ( V . 2 . 1 7 ) 

- uni  I oh e ; curv  . 
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. -viler 

r » all t 

i 1 v t t,(-  first 

ap{  rox  i i*  f oi 

f ns u res  s u t f i < • i < i. 

*■  iy  i 
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1.  Z\<  dignity  of  ♦ he.  n»'t  hod  <f  i i tegral  ccrrelat  ions  r vwn 
clfar^r  riifes  out  d u ling  the  solution  cf  the  [ ichl  »s  of  urst  aad  y 
motion  in  the  limit*  s layer  wi  •-  r i * is  not  ps.ciM  > to  list*  gard  the 
influence  of  boundaries.  of  course,  at  d for  there  *ask.;  it  is 
possibl*  without  sj  ?ci  il  <lift  icult  fes  *c  w t i r solut  ior.  s,  by  using 
the  usual  methods  of  mat  ho  b at  if. a 1 [hysics.  flowcv-'t,  thf;p  sol  rions 
are  ro|  relented  in  * h-  fern,  of  pout  if  r feci*  s (pi  » r • - :m  ra  ! 1 ‘ J tro*  i or.) 
cr  cf  Four ier- Besse  1 ( t la  t/\  1 at  o-r a d ia  1 ac*  ion)  and  that  is  why  are 
difficult  visit  le.  Difficulties  art  aggravated  by  *'he  fact  that  * vn 
the  simplest  monotonous  solutions  ate  decompose/0  xpanded  accoidii.q  to 
oscillating  functions,  and  for  obtaining  qccl  approach/app r ox imat ion 
it  is  necessary  to  undertake  a large  number  of  t-rms  of  a series. 


During  the  application/usc  of  a method  of  integral  relationship 
to  the  limited  1 a y ‘ * i , the  investigated  timir>  interval  is  di  vide /:na  r kei 
off  into  ♦ wo  parts,  in  extent /elongation  the  first  of  the®  occurs  the 
disturbance  propagation  (for  example  the  region,  included  by  motion) 
from  that  place  where  it  arose,  to  the  boundaries  of  layer.  In  this 
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lt  is  accepted  to  col  1 the  r i no  interval,  lurirq  wh  ich  !om:  not  show 
the  inf  In  - no.-  of  boundaries,  by  the  first  phase  of  tilt  rat  i on.  r? y tl.e 
second  r-hase  of  filtration,  it  is  understood  notion  beginning  with 
that  tor  que/ moment  when  the  boundary  of  the  region  of  influence 
reaches  t h<  novel  away  boundary  ol  ] iyn i,  an!  solution  begins  to 
depend  on  conditions  on  *his  boundary.  It  is  natural  that  this 
separation  into  phases  conditionally,  anti  the  duration  of  the  first 
phase  iepends  subs*  in* rally  on  which  approximate  solution  is  used. 

So,  during  the  solution  of  the  problem  mentioned  abov-  by  the  method 
of  the  sequential  change  of  steady  states  (the  firs*  approximation  of 
the  method  of  integral  correlations)  l ~ lV  xt  and  duration  of 

first  pl.ase  1 > 1^1  Ax.  At  the  same  time  in  the  third 

a ppr oach/a pprox ima t ion  of  I xt  and  >i  L*/Mx.  However, 
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I i f f o i « nc*  i nsi  j-  i £ icant  1 y shows  u p in  pressure  distr  it  ior. 


)[■  ♦ us  1 <•  limited  i •>!'(  oil  i i ’c  one  examp  If  , s u f f i c ie n ♦ 1 v w^ll 
il  lust  rat  i r,  j the  pof.uh  i 1 it  ies  ol  unthc  ]. 


Let  us  examine  t,i«  circular  layer,  on  outline  cf  which  (r  = i’) 
is  support*  i the  constant  rrassuro , equal  tr  t hr  initial  pressuia  in 
layer.  This  i rossur*  we  will  as  before  jssut’/takp  as  zero.  At  the 
moment  is  produced  the  la u nchi nq/start i rg  or  tie  bore  hole  of  a 


rate,  t ake/solected  from  Lol”  hole,  is  considered  as  before  constant. 


Then  Uj  f0  the  torq  ue/mcmeri  t of  1 /|  = K\l\'lxt 


for  the 


distribution  of  equation  is  correct,  in  th°  first  approximation,, 
relationship  (V.2.12).  *ith  t.  > tJf  i*  ps  necessary  to  consider 
boundary  condition  cl  the  nourishment: 


n(f<,  0 = 0. 


(V.2.13) 


Let  us  accept  further,  that  with  t > tt  \ (t)  » Hl) . 


cor  - 7i.  1 0 1 H f 0 


FCOTNCT ' 

i . F r ft  cj  u e i 

«-  1 

V 

, . ■ enc<  «nt *?i  5 • 

dSJ'J  111  P 1 

, c >r nec * 

e 1 

ft 

ith  cne  or  the  c i 

of  d "I  1 

: i u s of  thf 

i 

ri  f 

luencc"  of  1 (M  . 

co  m p 1 »*  t . 

1 y jf.  ♦ iona  1 

• 

« i 

th  th«*  same  ;uco 

tuitb’t 

t o u s e the 

id 

>'*  d 

(V.  /.  1 1)  with  X 

SC  1 lit  ior: 

orly  in  r 

< 

, 

to  rocord/wr  it  e 
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Then  idea  (V.2.  11)  will  take  the  form: 


p (r,  I)  q\n-jf-\-po(l)  1 7>i  (f)  H ' 


(V.2.M) 


whereupon  from  condition  p *>  = 0 it  fcliG"£  - p»' 


Koi  d e t or  in  in  i n y * he  only  r e ntu  i n i n u u n k no  w r function  f*  o ( T ^ w 
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will  use  the  first  nitoqui  corrolitici  (V. i.  2)  . Set/assum ir  j h*i- 
= 0,  R2  - I-  and  tailing  into  .HTount  (V.2.14),  w<~  will  obtair 


Of*  «<•. 


. Page  110. 


The  obtained  differential  filiation  for  P0  mist  be  solved  und-'r 
conditioii  /'#|/w,  = — q,  which  follows  from  the  requirement  tor  the 
continuity  of  pressure  with  t = t , and  of  correlations  (V.?.  11)  and 


(V.2.14).  Tn<  corresponding  solution  ta^es  the  form: 
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(V-.2.15) 


T : m;  i pi  rnx  i ir.i  *:  i ct  ter  ; r p.  . or  p i i:  * l i l;  u t i or  will  bo 


n(r /)  = 9 111  g(l  - -1.)  exp 


fix(<  -<|) 


(V.2.HS) 


. A-.  is  cv  iilent , pressure  distribution  rapidly  approaches 

st. at  icna r y . 
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it.  Before  passing  to  vote  cc»p  lo  x p rot  lens , Let  us  e y i m i n ■ 1 >. 
quest  irr.  c e ric.  r mi;  J iow,  without  a a v i n q exact  solution,  to  est  ina*i 
degree  of  <ti  | t ixin-  non,  reached  with  tie  aid  of  the  method  of 
integra  1 cor  i ••  i a*  l >;  >.  riff  icult  y here  entails  the  fact  that  Mti  if 
no  criterion,  whicl  makes  it  possible  tc  determine  nrev iou  lv,  how 
much  i*  is  necessary  - o take  a p proach/a  p pr  c xi  m*3J  i cnr.  ii  ord.  r to 
obtain  solution  with  * he  assigned  tecu  racy . "oreover,  or.  1 y in 
exclusively  rare  cases  can  be  determined,  hew  constructed  a solution 

is  distinguished  from  the  pt-c  j.  o.  r n this  care,  -just  as  in  many 
ether  problems,  connected  wrM  the  searching  cf  the  n f f -»c  t i ve 
approximatf  solution,  usually  a lp  used  t wc  criterion  for  the  accuracy 
cf  the  approximate  solution:  the  l li  st  is  checkin j or.  the  close  in 
setting  problems,  which  a 1 1 cw/assume  exact  solution  {as  this  was  made 
above)  ; *j.t  second  - the  solut  ion  of  problen  with  sequential  to  the 
increase  in  the  number  ot  ~orr:  of  the  irawing  rear  polynomial.  Tie 
calculatior.  is  conducted  urtil  a difference  in  two  approximate 
solutions  becomes  t.  he  less  rated  value.  An  ccncf  nir.  practical 
calculations,  in  them  almost  always  they  art  limited  to  three  members 
in  approximation  for  a pressure. 


The  examined  in  the  last  two  paragraphs  method  of  the  integral 
relationships  was  proposed  for  the  solution  of  the  nonstat iona t v 
problems  of  filtration  theory  by  G.  I.  Parenblatt  f 101  and  repeatedly 
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used  l»  v »l>- s m 1. 1.  - i »■.  *‘3;  fhi-t  ..  , until  new,  widely  ire  1 il-  > 

t h*  r ru  ut  ; i irolei  n. < t 1. < 1 or  t he  se  -luential  c: hjn  i-  o i t > i 1 y 

states  i 1/?fi  ] it:  1 l*  ; c.idr.  ;♦  ror  « gi  ven  ly  A.  'I.  Pir v^rd  yan  r *(.  i. 

Tog.  t her  « it  n *q.*»  exam  in<*a  nu  ••hodi.  oi  the  sc  iuc.it  i 1 1 r<  plac*  -u-nt 
ot  the  stationary  stator  and  int  <*  ira  1 < err*-  lat iens  i r eqii'Mi  *■  1 y i.  u:  • ! 
also  tie  method  ir  she  averagi:  c of  tirre  lerivativo  in  the 
appropriate  equation.  This  method  is  analogous  to  ‘he  method  of 
Slezk  ir.-T ur  ga  { 10r>  ] in  hounda  i y-  la  yor  t h«»or  y;  into  the  h yd  rod  y rami  c 
theory  ot  riltiation  it  is  introduce!  ly  the  works  of  I.  D.  Sokolov 
[108]  anti  of  0 . P.  iusoynova  [ 39]. 
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After  this  the  pressure  distribution  i n the  zone  of  motion  is 


< J 


deter®  in*  l means  to  the  so  1 ur 1 c n of  the  ordinary  differential 
equation  of  * he  second  order.  The  solution  contains  as  the  par  a me  *<1.5 
the  averu'ie  value  of  t ime/tenij  crar  y lerivative  and  the  e^t  ent.  of  t j,/-» 
zene  cl  motion.  For  their  def  er  irina  t ion  by  a urual  method  are  used 
the  heundarv  conditions  of  couplinj/joi  ri  n.j  and  integral 
ccrr  e la  t i on;.  1 r such  a mariner  as  in  bound  ary  - 1 ay  er  t hoorv  , this 
ret  hod  r->  tIr»  vtrsion  > f the  method  of  integral  correlations. 


<•3.  Solution  or  *n-  problems  oh  the  norstat  ionary  f i It  ra* ior  of  gas. 

1.  for  the  problems  of  the  filtration  of  nas,  -just  as  for  the 
cicse  to  them  problems  of  filtration  in  the  ine  la st ic- 1 ? f o rmed 
meditiT,  methods  of  appr oz i mat i cn  compose  practically  the  only  means 
for  an  effective  analytical  study,  rt  \»e  dc  net  consider  the  not 
numerous  se lf-s im u 1 at i n q cases. 


» I 

The  quite  wide  field  of  application  it  has  a method,  indicated 
already  as  L.  55.  Leybenzon  [711.  this  method  entails  the  fact  that 
instead  of  the  nonlinear  differential  equation 
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d/  2ni[t  V Pjl  ’ dj '■  ' ~dt*  / 


(V.3.J) 


is  ex  in  in*'  1 1 in*  ir  (rolritivi'  to  g ? ) cqu-iti  in 

0,,‘ *Pn  / "‘P2  , <l‘  p-  o‘  p'‘  \ 

Pt  mil  \ (fz2  ' Oy*  ^ Ht?~  } ’ (V.U.Ii) 


where  [ 0 i.s  oeit  hi  cons*  mt  p.r*  ssuie.  I*  is  olviou.,  ♦ his  equa+ioi 
it  is  o i t a i ned  from  px  i.ri'ssicr  (V.  i . 1 ) , iL  we  irultiply  this  equation 
ty  p , c r.(i  t ho n to  r^pi  .cp  in  th<  coefficient  before  bracket  p bv  p0. 
As  p0  usually  is  undertaker  certain  characteristic  pressure.  L . s. 
Leybenzon  introduced  for  th*  first  time  such  transformation  in 
connection  with  the  problem  of  pressure  change  in  the  initially 
undisturbed  ] ayei , ant  hearth  p0  it  i*  understood  pressure  in  vhr 
undisturbed  part  of  the  liycr.  rhis  method  cf  information  o i 
nonlinear  'Equation  (V.  t.  1)  . to  linear  (V.3.z)  is  calL^d  1 i near  iza*  ion 
according  to  l.  s.  L ylenzon. 
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in  the  theory  oi  the  l-»velcpi»ei;t  of  qas  fields.  However,  fhis  ir»  * nod 
has  ♦■ho  lef  ici.-ncy/laok;  during  its  a p p 1 ica  ti  on/use  t !.•■»  specific 
character  of  probl  *••;:,  whicl  distinguishes  it  tr  cm  t.  he  :>r  ob  1 ••  ms  of 
elastic  mode/condit  ions,  correctly  i t is  considered  mlv  in  those 
fields  whore  the  motion  ur  be  corsidered  stationary  factually,  in 
such  fields  Op/Ot  = dp*/dt  = Q and  equations  (V.  i.1) 

and  (V.  3.2)  they  coincide]. 


Page  1 1 / . 


At  the  present  time 
c x per i^  nce/e xper i me  r t of 


t hoi e is  an  air ea d y 
the  a p i 1 i cat icn/usc 


sufficiently  si  j n i f ica n t 
of  L . S . L e y b e n z o n • s 
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method.  1*  turned  •>  tir  ►o  fc  v<:  y > : j •~r*  i v<  lit  i r.  q t he  solution  * o * 
p r cb  1 ii .*  l r.  w :i  ich  i ai*  id  lly  : r x~  i ; * , ) : r . t ,,  mv-  ur.  i-  r t h*  ‘ f <■• 

c f loc.i  1 i i ;;t  urlanc«?/:>ert  u:  ».  at  i r . . f v r ie  i 1 i n this  r os  pec  r i. ; * -.r- 
protlfii  ■>•  t h-  la.j  nohirw/start  in  « : j v*  * 1 1 ir  inM  nit  * layer. 


Aft-r  linearisation  i * in  , o:  . i hi  < tc  use  preoar  od/t  i n l 
solution  from  chapter  III,  2.  We  tuv* 


■A  — *g-)t 


-tPu  1 


(V.3.3) 
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«her»*  r 

- t distance 

of  po in 

f 

from 

initial 

; res : ur e i : 1 

a y e r , a 

n-1 

q - 

c n u n i * 

of  power  lay* 

• , led 

to 

the 

the  axis  of  tore  hole;  p0  is  the 
♦■he  volumetric  lebit  of  tor*  hole 
initial  strati  tied  pressure  n0. 


4 

Linearization  method  possesses  one  additional  diqnity, 
especially  essential  frem  logical  point  of  view,  it  i *■  is  possit  le  to 
include/connect  in*-  ) ‘he  commor  diagram  of  small  parameter  method. 
Specifically,  thus  understood  this  method  L.  S.  L^ybenzon  [711. 


■j 
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A detailed  account  of  small  parameter  n * 1 1.  c<l  in  t- 1,  ■ theory  of 
r cn?t  a 1 1 or.  ,ir  y i il*  r at  i on  and  examples  cl  i*s  a r pi  l c tt  i or /u  so  car.  : < 
four  1 it  tie  look  i.  Y a . Pol uba r in c va- Koch l na  r S4  1 ; the  r,<*  ;u«n  ♦ :a  1 
application/use  ot  i small  parameter  method  tc  th^  ] toMpan  of 
investigating  boro  ho  1 es  giver.  in  book  [3*5],  a 

2.  The  linearization  ard  small  parameter  method  are 


d ist  i rou  is  hed  in  t e 

rms 

of  unwieldiness. 

especially 

in  connection 

with. 

the  study  of  motion 

in 

the  limited  ficl 

•i.  In  order 

to  jo  around  t 

h i s 

difficulty,  -just  a s 

i n 

the  problems  c f 

elastic  role 

/cond  i t i on  ■■  i r 

the 

filfta^ioi  of  gas,  it  is  possitle  to  starch  fer  approximate  solution 
ty  the  method  of  integral  ccrrc  lat  i ens.  Let  us  examine  for  an  example 
the  problem  cf  the  xhaustion  of  gas  deposit  with  a radius  of  r',  ty 
the  operable  single  centrally  at  ra  nged/ loca  ted  tor-'1  hole.  ijrd»r  usual 
assumptions  *•  he  problem  is  reduced  to  the  solution  to  equation 


dp  * l a (r  dP i \ 

i it  2m  u r Or  \ dr  ] 


(V.3. 


41 


under  the  conditions  of 

P(r,  0)  = p0; 


dp  (ft,  i ) 
dr 


■ 0; 


■Inrykp  dp  (fp/) 
u dr 


-9- 


(V.3.5) 


dr 
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Fi  om  r ho  1 dj  t boundary  coi,  af  icn  (V.  1.5)  it  follows  «-hut  lurirg 
api.ro  ach/approx iaat  ion  to  here  hole  f. re  ssure  change  can  bo 
asy a pt.ot ical  1 y presented  expression  1 


/)-■ g-lnr. 


(V.3.(!) 


where  f (r  , t)  do  not  have  a special  f e at ur e/pccu 1 iar it y with  t *— ^0. 


FCCTNOTF  *.  This  expression,  obviously,  it  is  possible  to  us-  if  and 
only  if  its  right' side  ir  posi  t i ve  *”(  com  p.  the  corresponding  part*in 
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chapt  ei 
Faqo  1j 

In 

disti  i> 

1 


IV  about  se  1 1 i n>  i la  i problems).  E NDPCriNOTb’. 


acco r (lance  with  by  thi£  wo  will  determine  the  pressure 
* ion  in  the  font: 


p- 


~k  L1"  w+a#(0  (,) '(') + ' ■ ' 

...+aAn~i^y]  ('■-  '(')); 

1?  p-  (It)  (r^l). 


( V .3.7) 


Potion,  as  usual,  is  subdivided  into  twc  staqe;  on  first  s«-aq- 
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X (f  ) < (I  i ot  UL  ! 1 nrp./F1  rt  ut  i ,1 1 ion  ill  with  1 rcache  l t (.<■ 
bound  u i.>..  >}  lay-r)  m <1  p t)  ; at  the  second  stag*'  1 (t) 


L<  * u : ;r- ;i  1 * i n 1 y nnti  cr  ( V . i . h ) 1 y C a r d i nt  e*gra  * e f r > - 1 r n 

tc  } (t)  . 


W i *■  h r 1 after  simple  conversions,  it  ha? 


4 f rpdr  JL-(r-^t)IU)-l„  dl 

dt  ■'  V dr  P»  dt  * ~ 


•iL  ~ 'Pa  7T  (V.3.H) 


(equation  of  material  oalance) ; with  n > 1 


\ >nP  dr  - [ r"-'  (-£-ri2LV-/"i,^ 

; J \ t/r  dr  j ' « ,// 


_J_  / 1HL  V _ i (»  I ) f Opt  . 

~"‘l i < ar  ;mu  j ' ~lir~l  Pa 

1 • 

- v);+ 

+--sr£i>'V  ■ 
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.old.  1 1 y t! 

1 e S e . > 

xf Terriers  i * is  possibl<  su 

bst  in*  ia 1 1 v to 

s i irf 

Hiy 

, t a k i r.  q 

into 

lccnun*  that  :n*c  f> cf  i 

ritere:,*  ca  se;  i (J  / 

V 

V 

r* 

i. 

r : , • c e 1 o r ‘ 

J r n i 

* i possible  to  everywhere 

re  ) y ■ qu  a 1 f > i re. 

w h \ c 

h we 

have  in 

f o r It:  , 

tw.  J_  r O/jt'.r,,.  1)  „ 

tha  ofl  ^ " = 

l re:  * ! •-> 

neck 

cl 

>oP  (r„.  I ) 

is 

snail.  Hence  we  will  obtain 

i r.st  ! of  ( V.  d. 9) 

i f '"Pdr  --Hfeit 


4---("~ f)a-  r,-» 

'mu 


,r  dr-  ln,,Q 


ill 


(V.3.1U) 


. Let  us  find  solution  in  the  first  approximation,  by 

set/assu  mi  nq  a,  (I)  = 0 (»  “ 2, 3,  . . n).  From  conditions  r (^ , tA)  = 

Fo*  Op  {l,  t)/d  r=B  \)  let  us  determine  ror  the  first  phase  of  the 

■ction  of 


o • (0  = p\  *f  1 • « i (0  = - 1 . 


. ard  ♦"he  unknown 


I 
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solution  takes  ♦ h <?  tot®: 


P\  ~ I>-  -= 


/(<■)" 


?>*(>•-  /) 
(0  • 


I 


(V.3.11) 


'Ibt) 


rvu  c 


>1  , iii 

2 m Pq  dt  • 
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From  ( V . f . *<)  w -■>  h i v • 


fiMout  makinj  sijnificant  error,  it  is  pcssiMe  to  replace  i’ 


integral  r0  hy  0 


FfCTNOTF  1 . The  appearing  in  this  case  small  inajinary  addition  we 
ce  ject/throw.  ENDFOCTNOTE. 


W /’P.ju/l+^dnu  + l-u)^  = 

0 


(V.3.J2) 
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in  the  ext  < nt/e  lot  |ut  ion  of  ti.r  first  phase  of  iro*ion. 


Thus,  in  the  ext  e nt/e  lcnga  t i cn  of  th*»  first  a phase  of  notion  *<-> 

have  for  "7.  ( T ) : 


u /!  + ?*  (Inu+l- «)  — */s 


2 m/i 


9*; 


the  dependence  of 

parameter  q ♦ is  shewn 


integral  1 in  ( v.  1.  12) 
in  Pig.  V.3.  Thus, 


cf  the*  dimensionless 


l-cVxt;  h--^;  c-/9*/(2/-D, 


■4 
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v h er  e t h<  const  a n t 


(see  Fig.  V . i ) . 


io pends  on  thn  only  i iff-*rr  i >nl>ee. 


Fa  qo  Its. 


With  t > /rJ/cay.  1 ‘ ur  j lace  1 £ , uni  t.fi:> 


P'  (r,  t)  = plH  -f 


JW 


r \Ki(r—lt) 

Tl  ” nkTi 


(V.3.13) 


. Here  />«  - pressure  on  the  outline  cf  layer.  It  is 


:-a  r-a.net  •.  r : < 


<•  1 ea  i * h a ♦ ♦ h i 


pressure  must  change  in  time  Ucause  of  the  exhaustion  of  layer. 


I'PC 


7 f 1 0 1 HhO 


Li  ol -.tor  to  f iii'l  f he  law  of  the  rhanye  in  Pn,  we 
ajair,  tie-  ( ]ti-ition  of  material  balance.  By  it^t/'i^^uiriiny 
we  will  oL  t ,j  in 


IT  R*  \ u Y p\  + (In  u -i-  J - u)  du  ■= 


2:im 


or 


i 

— I u y\  -|-  q*  (111  u 1 — u)  du 

II 


J — u)  du  — 


n 0-  U) 

iimn/tj/t a 


(V.3.M) 


will  use 

in  it  l a o, 
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e/3/ 


. Hers  t i 
By  k n c w i r.  \ 


ct  pa  ra  .m*  *■ 
<V.  3.  14)  , 
Howpvpi  , s 
integral  ( 
is  euuival 
cn  outline 
d imensi  or.  1 
pert icn/f i 
this  case. 


and 


is  * o r ] l e/.mo  m tn  t ot  the  end  cf  the  firs*-  [ihisj  of  moMor. 
toe  do  pen  1 ■ ■ nee  of  integral 


/ ( q *)  = f u Vl+q*(\nu  - J - it)  du  (V.3.13) 

II 


cr  y * (s  Fi  i.  V.  i)  , if  i;-,  possible,  lsin  j in  equation 
to  buill  the  ieper.denco  or  aaaaaa  on  t.  For  a practice, 
uffici.  nt  accuracy  y ives  the  rcuqh  approximation  when 
V . 3 . 1 f. ) s i a p 1 y is  set/asr»umod  equal  tc  1/2.  Physically  * his 
* ri»  to  the  ejuatinq  of  n ea  n [ reS£ur-i  in  lav<-r  *o  rrisnur'- 
. As  it  follows  from  Fig.  V. 3,  for  real  values  of  the 
ess  iebat  of  tore  hole  q * (order  of  hundreds  of 
actions)  this  is  admissible  with  erLoi  loss  than  2 0/0.  in 


Pu 


Pi 


<1 

Jim  It- 


(/-M 
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. if  we  do  not.  approach  tbi  precise  satisfaction  of  the 

condition  cf  impenetrability  with  r = F,  then  it  is  possible  tc 
re  ject/t  hr  ow  the  last  terirs  in  expressions  for  a pressure  (i.e.  to 
place  at  (t)  - 0.  The  obtained  in  this  case  expression  answers 

solution  by  t tie  method  of  the  sequential  change  or  steady  states.  It 
was  ter  the  first  time  obtained  by  B.  L.  Laputc  [67,  6R"|  and  widely  it 
is  used  in  practical  calculations. 
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It  js  possible  try  to  build,  being  held  the  usual  technique  of 
the  a pplicat ion/use- ot  a method  or  integral  cor  re  la tions  (see  th* 
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? |\0? 


f Cl e qo  1 1.  ( 

, 1 r a ) ii  h)  , 

t he 

S Ill  s 

< ■ >.  Uf  I t ,i  [ 

t rc 

1 < h ./a  r prox  1 1 c i <>  1 

: . I r.  * 1 

case,  0 fe- 

v  • : , f )I 

n - ; > 

it  -el 

in  11  la  1 1 n j 

;no  + 

i c n s cot*  f f ic  lent  : 

of  raaa 

ar.  d a 1 1 ■ 

i us  of  t ii . ; 

a e 1 i 

ot  i 

1 t lu  ■ no 

1 : 

♦ is  reo  ssa  r v t n 

fill  f 1 

CCIT[  1 <x  1. 

or.linear  .7  ■ 

t e m 

• ]uati i ns. 

The 

attempt  to  j-  t : 

id  0 f 

diff icul  t 

1 t s b y in  e a n :» 

0 f 

t h r r 

e 1 1 arc  it c r 

t 0 

f tret  in  0 It  mr  n t 

ot 

in  t<  j r a * ; 

or  ( V, 1.  1 0 ) 

y t he  f j 

r : t two  IT 

e m t 

f r s cf  i4-  s e x pan  r 

i on 

actually 

meant  pa  i 

f to 

t ) ( 

1 i P€  .11  izc 

<:  ’ 

1 c 0 r y of  ‘he  flow 

C ^ J pa  tr 

Nuraorcu- 

works  are  ex 

PC  ut 

p(]  by 

t hi  . method 

ct  the  Lan  Jl.anu 

-sir  f ► t* 

f 5 

].  Prom  tie  jiV'ii  example  it  i r cI-mi  that  t!  a pp  lica  *•  l ->  r/ :n-^ 


cf  a 

m<  ♦ hod 

of  in  tt  qr  1 1 re 

1 a 1 1 or:  1. h 

ips  f 

c the 

problems  ot 

t I s- 

f i It 

rat  ion 

0 1 pas  j u . ; t i f 1 e 

d 01  wh  t 

p We 

i 1 1 c w 

: a 1 .->d  to 

rh.fi  s 

were 

1 i nea r 

ized  approach/a 

t pi  ox ima 

t ion. 

I r ct 

h € i words. 

more 

advantaqcous  to  achieve  i [ j rnach/a  prox  im  3 t io  n ii  more  complex 
function:',  hut  to  he  limited  * o a miniirum  runtf  1 of  f r<  •>  uaia*»t(-r:: 

Cne  ot  the  mot  ho!  of  this  a pproach/ap  [ 10  x iira  t ion  entails  the  u 
ot  se  If -si  iii  ii  latinj  solutions  1 y ar.aloqy  witii  the  fact,  as  it 
bound  ary- la  y.-r  tie  ->iy  11  f used  ♦ lie  sel  1 -s  i mula  - in  j solu*  1 crs  of 
Pckne  t-Skan  (method  >1  Koch  in- 1 * panskiy  [ 60  ]#  another  met  hod  is 

stated  in  folio winj  paraqraph. 


not: 


7-  1 
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P AC  r 


It  - : i ,)  t >i  i v , *'•> r * giver  (it  cci  npft-icn  with  r - q u i v 1 1 - r t 

f rob  1 err  o : t t'iJt  r,,t  ior  rt  g r cur  t »a*  *-t)  t ■ • s«>l  f -.;i  mula  t i i.  | 

solution.  of  tup  or  - -il  i no  r s ior  o I t i r>  t 1 • ns  t t j,  * i so*  :i<=t  is  a 1 

f iltrat  ior  if  i ; * i 1 ,t  , i !•*  tv  • in.i*  ion 

dp  a*,  d i4  dp «_  (V.3.18) 

<)/  rs  ■//  it/ 


(:  = 0 ; l ; - - i • .-i  . . • . ; f I 1 t / 1 i , • < , 5 xisy  a mot  ri  cal  »n  1 

centrally  symmetric  motion.').  •*  !»»«*•  sol  ut.  icp.;  • c r •.  cons  * l u o*  j 1 * 01 
the  case  when  on  * he  boundary  c:  layer,  (with  x 0)  1 a .sloped 

either  pressure 

/>((),  /)  = (l >(/),  (V.3.19) 

that  ;o...  ibly  only  in  r|,i'  rase  of  p 1 ane- par  •»  1 1*  1 mot  ior  01  the  flow 
c f q a r 

lim  ( x * (r) 


(V.3.20) 
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. Mot  ion  y are  sol  f-siirula  t iny  during  t h»  specific  combination  of 

t he  iritial  and  boundary  conditions.  Specifically,  if  occurs  filling 
cf  the  layer  in  which  at  first  the  pror-£U’  ' of  gas  by 
that  i»  it  is  possible  to  corsior-i  equal  rc  zero  that 
se 1 f- si  mu  la t in j with  arbitrary  exponential  fine  tons  f 

<!>(<)  =of;  T(0-t/\  (V.3.2!) 

where  a , r , a and  ft  are  some  constants. 
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It.  the  general  case  when  tie  initial  jtessure  in  layer  not  is 


vet  v small,  so 
♦he  problem  is 

(t)  or  4V)  : 


one 


7 > 1 (.  1 Mti ') 


p ft  i ; f 


equal  ♦ e -z«-  rc,  motion  is  se  1 f - si  mu  1 at  i r r only  with  a = 0 and  H - 1/7 

( s are  1 ) . 

The  skeletal  iiaqram  of  tie  a r>  p 1 i cat  icn/  esc  of  self-s  i irul  a ti  n<j 
solutions  tot  the  approximate  solution  ct  nonlinear  problem  entail 
the  t a c:  t ttit  i .-i  unit  taler  the  o no-parameter  familv  of  the 
se  1 f- s itr.  u 1 a t i nq  solutions,  which  ccrrrs  por.d  these  initial  and 
boundary  conditions,  ana  then  tii;  patamet«i  is  sot/issnf"!  equal  *o 
certain  function  of  time,  whereupon  the  tern  of  this  function  is 
sel^ctei  so  that  t.h»  iiff-rential  equation  ct  problem  would  he 
satisfied  on  the  averaje.  In  other  words,  it  is  necessary  that  would 
be  fulfilled  certain  inteyral  correlation,  which  is  the  co  nseq  u.-i  ce 
of  the  initial  problem. 


It.  is 

>bvi  ous , t her  & e x is t .. 

ma  n y 

methods 

Of  the 

intro  1 net  ion  of 

the  paramo 

ter  to  se 1 f- s im ul at i nq 

s c 1 u a 

icn  and 

♦he  var 

ia ♦ i o n s of  this 

paramet'L. 

Each  of  th^sr  methods 

leads 

t.o  one 

ct  the 

ot  her 

approximate  solution  of  problem.  Usually  it  cannot  be  previously 
said,  which  method  of  solution  will  turn  out  to  b.-  more  successful. 


Let  us  examine  first  the  process  of  the  flat/plane 
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cn*1- 1 

in’pii..  i 

ona 

i ti 

1 t -•  -j  » ] o n c f 

• ‘ 

into  *rt  | * y pa 

yer  r eqn 

i<-  i on  ( " 

-3.18) 

with 

s — 0 

w i 4- 

h ze . 

l initial  ( 

or:  3 

> * ion  ' . Let  or. 

boun far 

y o f x = 

0 law 

c f a 

cha n je 

i n 

* 

pressure  [ * 

•;  ua  1 

1 1 ill  (V.  i.  14)  ] 

- If  f ( 

t)  - A 

T7", 

then 

sol  1 1.  i 

on 

cell  - 

- si  T i]  la  t ] i:  j 

Cd  r 

in  t n • f 

orir  : 

r(r,  t)  = ot°f(Z, 


*); 


t l/  « I 

5'  « J '^+r> 


(V.3.22) 


Khpr^  1 ( E , x)  - the  > luti  cj  • r t >und  at  y-  val  u< 


*/»  I 1 t Jl  — n-  X-— • /(«*)  1;  /(«)=  0.(V.3.23) 

J * (/£  7 ’ « 1 


. Solution  identical  equal  to  zero  outside  final  int.  rval/iap 

^ Z*  satisfies  integral  coirr  laticr. 


*4. 
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I'  Ij  (1,  X.)  d\  I/O  K). 
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i r. 

Table  1 cha  ;>  t or  IV 

( see  a 1 so  Fig. 

I V. 

U ) y“[p  ■■  i v ‘ ■ r t 

1 of 

functions  f (F,  a) 

foi  values  X, 

c q u a 

] to  0.00;  0 . OS 

00  ami 

value  of  i rgu  :n.j n*  ?, 

i-qual  to  0.1 

c ♦; 

0.2  c * one. 

iii  *■■■•  general  case  ct  arbitrary  function  f (t)  *|,o 
cc  1 1 €>s  { or.  I i nq  i n*“jral  correlation  a s s unit?  the  fora: 


jj_ 

,i7 


x*  U) 

\ xp(x,  t)  dx  ~ a2<I>*  (/). 


(V.3.24) 


Here  ♦ (t)  is  a coordinate  of  the  leading  edge  of  the  forward 


7.  1 . 1 • >'0 


r)ASi- 


cct 


'&9 


ire  vemen  t ot  id:  . 

Wo  will  ;«•  : eh  fir  t he  a;  [ioxinM*'f  solution  of  the  formulate! 
problem  in  the  form: 


<-«>  M0!:  M«  <V3-:' 
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With  f (t)  - »f a = const  *xrre'-sicn  (V.3.  2S)  passes  to 

precise  self-simulating  solution.  Thettfoii  it  is  logical  -o  expect 
that  during  functions  (r),  close  to  exponential,  the  selected  idea 
will  ensure  good  a p pr oach/a ppr c x i ma t icn . AfteL  accepted  expression 
(V.3.25),  the  solution  of  problem  is  rrcuced  tr  the  determination  of 
only  function  V (t).  Determining  it  from  integral  correlation 
(V.3.  2U)  , we  find 
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. A f t o r 


we  f i nd 
unknown 
of  qas 


>-  (f)  - 


<*>«  (()  - [ 'l'1  (0  rfl 


(0  + J‘!>t  (t)'ll 


(V.3.2«) 


th  i.;  through  formula 


«*(')- 


>•(0 

It  — X (01 


(V.3.27) 


o (t)  and,  usinj  formula  (V.3.25)  and  labl*>  TV.1,  wo  find  tf> 
solution.  The  coordinate  of  the  leading  edqe  o‘  the  i lv mo 
is  determined  in  this  case  by  cc  r r a 1 a*  i c r. 


x* (0  = o£*IM0l  V® (0 Ml  — MO!- 


(V.3.28) 
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. Let 

f.  r CC<‘  1 U IV  T 

Let  us 

formulas.  (V 


. From 

a (t ) ^ on. 


us  examine  in  example  o‘  the  scluticn  of  proM»m  in  the 
r esent  od . 


nlaoe  t (')  = of  a>  (0  = omim  + a„tn,  m < n.  Thor,  fret 

.3.26)  and  ( V . 3 . 2 7 ) we  find 


2m  + 1 


. I 'll  ♦ | - 

4 m i H 1 0"'0"' 


‘ms  *~xfr*  rsior.  it  is  directly  evident  that  with  snail 
and  with  larce  t a (t)  ds.  n.  This  nearis  that  with  motion 
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cccucs  t hr  passage  fron  enr  se  If-:  1.  mu]  a ti  ng  motion  bo  arot  her. 

During  the  calculation  of  a concr  t°/s  paci  f ic/act  ua  1 ^ms;  } e , 

let  u s place  a = 1,  j - C,  r - 1,  f » ^ Then 

fit  " 


,(0—L (.«+■«+«»  _ty 

' 2 V l+t+vy* 

X 1'UaO) 


P(x,  f)  = (l  -ft)/ 


1(0 


. Using  table  cf  functions  r (f,  X),  it  is  possible-  *■  c calculate 

the  distribution  of  pressure  p (x,  t)  at  different  points  in  time. 

The  results  of  calculations  are  shown  in  Fig.  V.4. 

Let  us  examine  now  the  problem  of  filling  cf  layer  on  the 
assumption  that  is  assigned  the  flew  of  the  gas  through  the  bore?  hole 
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II 

If  .pK  (t ) = then  the  scluvicn  of  problem  self- simi  la r 1 y 

can  be  presented  ir  the  fou  (see  Chapter  TV,  § 3): 


p(jr,  /)  = t' '■/<’/ V,  (?,  X);  X=p/(p  : 2); 

5 = r|4«4T/P*s|-'/.(p-i  2)0.;  (v.3.29) 

/.  (°o)  = 0;  lim  ^ ~r-  --  1. 

' •!)  “ft 


I 
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. Let  us  fin.]  th  *•  approximate  solution  of  the  formula  ted  problem 

in  the  form; 
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. a.,  it  is  no*  iiftioult  * o r.*  this  ap  pr  cx  imat  e representation 

of  solution  sitisries  the  initial  condition  and  condition  at  infinity 
with  any  a (*■),  function  A (t.)  we  count  *o  fce  determined.  For  its 
determination  we  will  u;'<»  i n t eg  i a 1 relationship / ratio 


\ rp{r,  t)dr  = a-xY  (t). 


(V.3.32) 


where  i * (t)  - the  boundary  ot  the  region  of  gas  permeation; 


P (r,  I ) 2s  0 


with  r s?  r*  (/);  p (r,  t)  ==  (I 


at  r 5*  /•*  (/). 


After  noun  calculations  w»  will  obtain 


,!  r j v* 

MO  + 1 =]/'Ir(/)  \ l/H' (/)<//  1 ! '!'(/)<//;  . fV.3.33) 


Formulas  (V.  3. 3 1)  and  (V.J.33)  make  it  possible  to  express 


approximate  solution  t>y  th1--  tabulate!  function  f|  (6,  A). 


Vi  h o n 
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prohlf  Ei  i ' •>  i ♦ p l r<- 1 a > se  If  - i m i 1 a r elution#  a pptox  i im  • ; i i'if  i rr 

co  inf  i • w i ♦ li  :to(:  is-  . 

>i-t>  is  two  r-o  >n  s for  whicn  we  wot.'  ref  ’ric*  m t •>  ♦ he  not  of 
self-siir.il  .u  so  In  ti  cos  or.  1 y foi  t r a ;■  p cox  i.n  1 1 r solution  of  problem?: 
with  t h«  zero  initial  p res sum  o ^ jas.  in—  vpe  c v y x#  >nl  y in  * :i  i ca 
solut  ior.  is  ael  f-s  i aii  1 tr  wit!  ar.  y (constants)  u i ad  t,  i . e . , * .-  -to  is 

a cno  -i  1 1 • t oetei  : i i.  1 v of  solutions.  First#  pceci  ;ely  the  ; . > i 
f i 1 *t  itiori  w i*  h tho  /.'co  initial  pressure  ft  jas  represent  * ho 

special  complexity  for  the  met  hols  of  a r.d  lew  parameter,  s ir.ee  *!,- 
expansion  i r.  ter.nn  of  the  paraniot«-r  of  v=l  — (p,/p„)*  become;  in 
this  cane  illegal. 
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4.  'loii  i 
the  c a . e 

Dur  i 
the  e iii  >e 
tela  t.  ; ,-r 
C i leu  l .it  i 
un  k no  w r 
is  [-osr.il. 
in  order 
of  t h > t i 
i : j r o x : n i 

ni  'ei  t U 
pro  1 ] mi,,! 
de. >.ri  1 r p i 

in  I low  of 
In  this  c 
st i bi 1 i z» 
with  ho le 
dista  rro 
1 e change 
to  in  it ia 
li  ilea  r ize 


l ic  iti  oi  o:  * i-  tnotiiou  of  in*i  jr-il  t elat  ionsnip/r  a*  i<»s  t ot 
> t i n t i ni  t«  1 a ye i . 


t he  so  lut  io 

::  of  the 

nonlinear  p 

roll rms  cf  d if f 

r 

pn  * t or j, 

cut  ive  d P ; 1 1 Cd 

* i on/usc 

oi  a method 

of  integral 

h : n/rat ios  in 

. tar. d a i u 

diaqrair  lea 

Js  to  the  cumbers 

OH  (' 

)I  t l.e  • let  S 

are  more 

complex,  t 

he  larger  the  number  of 

•i « • ttii  i ■» n t . in 

i [ rroxiu 

at  ion.  Con s 

id e l able  si m pi i 

f ica  t ion  i t 

le  o nChiuVP 

i, y t his  s 

election  of 

t he  a i. [ roa  c h in 

? 

f u r,c+  i oris 

* : 1 1 t ni  ce  s 

: a r y accuracy  w c u 1 d 

be  ottained  air 

e a 

dy  in  one 

: . o i . prox  ima  t 

ions  (lut 

v i r t ua  1 1 y 

- in  the  first 

t i j:  ,)  . It.  o t h 

or  words. 

problem  1 i 

e s in  Mi  e fact 

* h 

it  , in 

• " ; i ■ ;s" 

so  1 ut 1 on 

. ir  >a  f aid 

in  this  case  i 

c i n show 

r y qua  1 it  a ti ve 

i r vest i ; 

-it  ion.  This 

investigation 

al 

r o a d v w a s 

i !;*■  o 4 chapter:  IV  fot  a self-similar  problem  of  the 

is  to  t re  hole,  put  into  service  with  constant  flow  rate, 
d.  •_?,  it  turned  out  ‘hat  the  not  ion  near  hole  rapidly  is 
1,  so  tnit  the  mass  flow  rate  of  -he  gas  through  the  coaxial 
cylindrical  surface  virt  ially  is  not  chanqei  up  to  certain 
flat  i. ole  (Kiq.  V.S).  There,  where  the  flow  rate  begins  to 
! con.  idorably,  changes  in  rh<  pressure  of  gas  with  respect 
1 value  ire  small,  and  equation  of  motion  it.  is  possible  to 
. This  mak<  . it  possible  to  actually  consider  that  the  gas 
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flow  depends  oi  iis-.iiicn  and  time  just  is  in  the  a ppropr  ia  ve 
lineal c2ed  pioblem,  wm»r-*upcn  nearness  true  and  t he  "linea  i ize  1" 
distributions  of  flow  rate  is  caused  Ly  the  smallness  of  usually 
being  *ncount-rel  viln«s  of  flow  rate  (by  smallness  of  values  x in 
the  designations  of  chapter  TV)*  3/  t h < method  cf  integral 
relat  ior.ship/ratios  - thing  into  account  tbie  indicate!  consi  ler  ations 
it  is  fossible  to  obtain  tie  simple  and  sufficiently  exact  solutions 
of  series  of  problems. 

1.  L>-t  us  examine  the  axisy Metric  motion  cf  compressible  liquid 
in  the  def  or  med-med  iutn,  which  follows  to  the  law  of  darcys.  For  our 
purposes  will  conveniently  introduce  in  cl*ar  ferm  the  value  of  the 
mass  fluid  flow  rate  at  this  t orque/  moroen  t through  surface  r = const 
of  the  single  height/altitude: 

q^r(H.  = -r±  p-g-.  ( V.4.1) 


I 


= 7.111 HbO 


H juatior.  (V.  *.  1 ) toyet  hn  with  t fce  equation  of  continuity 


* (»■(»)  , i dq 

(It  ' r i<r 


( !/•  V.  l) 


and  by  equations 


•P  — P(P),  k — k(p),  it  —ii(p),  m = m(p ) (V.4.3) 


composes  -he  loc*^ 3 system  of  equations  ot  moticn. 


Pa  gp  1 4 1 . 


By  introducing  function 


/,(P)  = J- TdP' 


(V.4.4) 


being  the  analog  ot  t.he  function  of  Leybenzon  ir.  the  theory  of  the 
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f i It  c.i’-  ior:  ot  jar.,  i*  is  possible  * o 1 < id  sy.c.u  (V.4.1),  ('/.'•».  7. ) *o 

the  standard  loti: 


of  | x(/>)  ag 

01  r Or 


<!- 


r 


or 

dr  ’ 


(V  /,.:>) 


where 


\ i ;i  L <//'  j 


(V.4.0) 


is  a variable  coefficient  of  piezoconductivity. 


System  (V.4.5)  can  be  written  in  the  form  one  equation  for  P.  In 
this  form  it  is  possible  to  wiite  the  system  of  equations  of  motion 
durinq  the  elastic  moile/condit  ions  of  the  equation  of  the  isothermal 
filtration  of  jas  and  equation  of  iiltraticn  in  the  nonlinear 
deformed  medium,  so  that  system  (V.u.S)  describes  sufficiently 
ccmmon/g»neru 1/tota 1 s i tua t ion . 


I 
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we  will  assunu  that  is  examined  certain  distur  tance/ner  tur  bat  ion 

of  steady  .t  »tc,  which  appeals  on  th»  internal  boundary  of  system  (in 

hole).  Most  frequently  this  di  st  u r fcancr/por  t u r t at  io  r consists  of  the 

tact  t hut  is  assi  jnc  i the  deter  mined  law  of  a change  in  the  se  lection 

troiu  hole.  Therefor-1  we  will  consider  that  the  problem  for  equations 

'/('•,  (*)  = f/0  — const;  </(<*,  t)  = Q(t) 

(V.4.1)  takes  the  loin: 

(n  tc  r < oo,  ()</  <oo).  (V/i.7) 

. Conditions  (V. 4.7)  coriespond  to  the  most  important  for 

application/appendices  tioblem  of  unsteady  inflow  to  hole  (a  is  a 

ra  dius  cf  well). 


Simplest  is  the  case,  when  the  flew  iute  in  the  hole  of  changes 
abruptly.  In  this  case,  fren  hole,  begins  tc  be  propagated  the  wave 
cf  a change  in  the  flow  rate,  and  distribution  g (r,  t)  assumes  the 
form,  shown  for  the  consecutive  torque/moment s ci  time  in  Fig.  V. S . 

It  is  character ist ic  in  this  case  that  the  ilew  rate  retains  constant 

! 


This  character  of  change  q (r,  t)  occurs  with  all  being  of 
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US'S' 


inter  est  t oi  "...  ol  r h*-  ic  penoei  ce  of  x (/*).  In  t ho  simples  t case  w i ♦ 
of  x (I*)  — x = const,  Q = const,  w*  have 


<!  ('•,  /)  = <?  ex p ( - ~ ) (4x7  a-) . 


7 VAR) 


Page  142. 

Is  logical  therefore  to  dtteirpt  to  find  the  approximate  solution 
of  pro!  lorn  (V.4.1)  - (V.4.2),  set/assu  it  inq 


0 = f»+ (<?-?«)  exp  (V.4.9) 


where  = \ (t)  - the  parameter,  selected  so  that  in  the  very  • -st 
manner  to  satisiy  c^itain  supplementary  condition,  which  will  he 
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qiven  below.  If  it  : .»  :«-s  i table  t o consider  also  the  f i ni*-  en«ss  of  a 

radius  of  bole  and  chanqe  it  time  of  the  output  of  holt*  Q (:),  then 

it  is  con  von  ion  t to  incept 


'/ (r,  (Q  — 70)nxp 


a'--r- 


r- 


(V.4.10) 


. Unlike  (V.4.9)  the  extressior,  (V.u.10)  is  not  precise  even  for 

the  case  of  elastic:  mode/conditions.  It,  however,  is  convenient  in 
that  relation,  which  makes  it  possible  to  considerably  simplify 
calculation,  providing  sufficiently  qood  a c pr cach/a ppr oximat ion . 

For  determininq  function  4 (t  ) is  used  inteqral 
relat  xonship/ratio 


A 


e— I . 
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? ( ; [• 


iirj  f— 1 ')["'•  '|-,(,’0|]^=J  xOT-g-*.  (v.4.11) 


. Expression  (V.4.10)  is  convenient  in  that  relation,  that  after 

its  substitution  the  equation  (V.4.11)  accepts  sufficiently  simple 
form. 


Before  passing  to  the  consideration  of  examples,  let  us  lake  one 
generality.  Thesel action  of  flow  rate  q (r,  t)  as  the  function  for 
which  is  assigned  the  distribution  of  relatively  simple  fort,  is  not 
accidental.  It  is  possible  to  show  that  in  the  problems  in  which  on 
the  boundaries  or  the  region  of  motion  are  fixed  values  q,  the 
distribution  of  the  flew  rate  comparatively  barely  it  depends  on  the 
form  of  equations  of  motion,  remaining  qua  1 ita t i vel y the  same  as  for 


j 

I 

l 

i 


the  problems  of  elastic  mode/cond itions.  For  this  reason  the 
distribution  of  flow  rate  of  q (r,  t.)  is  sufficiently  easy  "to  guess" 
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with  the  r<»  juif«ii  iccuracy.  here  w ->  * 1 1 1 use  this  possioility  only 
for  motion  in  uniform  infinite  layer;  however,  the  same  approach  let 
us  use  to  heterogeneous  layers  and  the  layers  of  the  final  duration. 


2.  As 
of  the  the* 
of  inflow 
output.  Ill 
(r,  0) 
obtain 


the-  lirst  example  let  us  take 
ol y of  elastic  mode/eon ; i t ions, 
to  the  hole  of  terminal  radius, 
this  ca  S-*  of  P = pk  p/p;x  = x0  = 
. Substituting  for  i expression 


the  problem  from  the  rejior. 
e x i ;n  i re  1 still  Hask°t  [78] 
released  wi*-h  constat*- 
= kK/ni ii  = const;  Q = const; 
(V.4.10),  from  ( V . 4 . 


1 

1 1 ) wo 


jltjl  4. 

dll  i + T C 


( V.4.J2) 


or 


/j  e 


i 


(V.4.13) 
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1 it  i>  | r -it  ion  ot  t h e t irst  f quat  ion  of  system  (V.4.1)  taking  into 
account  con.lition  p (”,t)  - j (r,  ))  = 0 jive s 


t’(r'  f)=-Tj7,,:i(--Tr)- 


(V/i.l't) 


. Expressions  (V.u.14)  and  (V  4.13)  represent  in  parametric  form 

unknown  dependence  p (r,  t)  . Fiyurc*  V . 6 shows  the  dependence  of  the 

relation  of  and  dimensionless  depression  in  the  hole  of 


/•  =r  (a,  /) 


or  1 i me nsio r le  ;s  time  at  xt/a*  = t;  the  obtained 


solution  will  ayree  iell  with  the  exact  solution  ot  basket  [73  1. 


Let  us  i;*aiiinQ  now  several  problems  ot  tnr  filtration  of  qas. 


Let  us  assume  that  in  initial  state  of  motion  no  completely,  y 
(r#  0)  = 0,  and  initial  value  ot  the  furcticn  of  Leybon*on  p (rf  0)  = 
F0  it  i^  equal  in  all  points,  P (i  , 0)  = P0  - const.  In  this  case. 


i 
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utilizing  th^  first  e. illation  of  system  (V.4.r>)  and  relationship 
(V.4.  11)  drui  ueing  limited  to  first-crrier  correction  for  a change  of 
the  k (/') 


(V.4.15) 


easj  to  present  integral  relat.ionshin/rati  o (V.4.  11)  in  the  form: 


i. 
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— 1/4>3 

. I:  the  in  practice  inter*-:  -t  i r.  ) rasrj  tht  e xpr**ss  i on  (V.U.16) 

accompli  :.es  without  ‘h*  special  work  tc  si  irplif  y. 

If  w consrlei  only  sufficiently  lonq  t i ires  \*/>i  2 » 1,  ’■hen 
equation  (V.U.lfo)  will  :oca:  in  the  form: 

(0/5-(?«sl"  (i  ~ -4-  tin#  In  2)  . (V.4.18) 


. Faye  144. 

Durinq  ‘lie  conclusion/derivation  of  this  expression,  it  is 
reqistration/account.inq  alsc  that  virtually  in  all  cases  of  'loC*  < 1. 
From  (V.4.  lh)  follows  the  expression  for  the  t jire: 

( 


di 
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— a-  In  (I- /a-) 

•'*Xo  [1  — ’/a  '|uy  l"-l  ’ 


(V.4.19) 


while  from  (V.4.17)  i > tor  mu  Id 


P (r>  t)  = P0  \-  y-£>ea,/,,Ei  (V.4.20) 


. with  lon  j t i ff'is  it  is  possible,  by  disregarding  -ho  + erm; 

order  (» 2 /\? ) in  (7Vt?)/  to  present  (V.4.20)  in  the  form: 

/-fr.0-P.44(>El(-w„_,;t%g„2,).  (V.4.21) 
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Tin.,  tocauld  viuy  close  to  the  in.i  lo^ous  formula  of  t li<  theory 
ct  elastic  mode /con  lit  ions  and  coincides  w i ♦ ii  i*-,  if  we  disregard  t r.  .• 
value  ct  tic  product  of  'ii'\uQ  I"  - in  comparison  with  unif. 

Therefore,  i>y  observing  a change  in  ♦■he  functicn  of  I.eyberiznn  luring 
the  launching/starting  cf  gas  well  with  constant  output,  it  is 
possible  to  define  the  parameters  ot  layer  in  the  sail 1 way  as  dur  i r-  *j 
elastic  raode/condi  t ions  are  determined  the  para  nepers  of  layer  from 
pressure  chanqes.  The  game  result  i s obtained  it  we  reference  system 
( V • 4 . *3 ) linearize  in  T,.  s.  Ley lenzon • s method,  i.e.,  after  replacing 
variable  coefficient  of  piezoconductivity  x (/')  with  a constant 
value  cf  x 0 = x (/'„).  Component  ,/*Tl»91n2  is  correction  to  the 

linearized  theory. 

J.  For  determining  the  parameters  of  layer  from  the  tests  of  gas 
well  for  unsteady  inflow  in  accordance  with  fotirula  (V.w.2  1)  it  is 
necessary  that,  the  output  of  hole  in  the  e x to  n t /e lonja t i on  of  «-«sts 
would  renain  constant.  Since  the  pressure  on  the  face  of  hole  rn  * 1 is 
case  greatly  changes,  for  maintaining  constant  output  i*  is  necessary 
to  use  special  measures,  are  always  attained-  Considerably  simpler  to 
conduct  experiment,  leaving  the  hydraulic  resistance  of  hole  by 
constant.  In  this  case  the  output  of  hole  proves  to  be  the  function 
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c f driving  n pi  -*s  sure 


Q = Q(Pa)- 


(V.4.22) 


This  function  (the  discharge  character istic  of  hole)  can  be 
determined  independently,  and  it  it  is  possible  to  consider  known. 
Moreover,  in  one  case  it  can  ho  easily  calculated;  if  in  immediate 
proximity  to  ’•he  face  of  hole  ir.  it  is  estatl ished/inst ailed 
diaphragm  sufficient  small  passage  cross  section,  then  the  outflow  of 
gas  into  hole  hears  critical  character;  in  this  case  the  flow  rate  is 
approximately  proportional  to  pressure  cn  face 


Q = 'Pa- 


( V.4.23) 


. it  is  possi ble  to 
it  possible  to  determine 
observations  of  pressure 
with  re  la  ti  cnsh  ip/r  at.i  os 


obtain  the  approximate  solution,  which  makes 
the  characteristics  of  layer  according  to 
change  if  cut  jut  also  changes  in  accordance 
( V.  4. 2 J)  or  (V.4.22)  . 


Dot: 
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Let  us  examine  sufficiently  great  significance  of  the  tiai“:  ) * 
>>  d? . Then  equation  (V  4.1H)  will  take  the  ton: 


d (J(t)l » 

ill  4 


*oQ(')nl  - 


~V<>(0In2]. 


( V/i.24) 


utilizing  (V.4.22)  , it  is  possible  to  connect  the  value  ot  the 
function  of  Leyben  zon  in  hole  P (a,t.)  with  output  Q.  Then  from 
(V.4.  17)  follows  equation 


P («,  t)  =■  P.+  \ Q [ P(a,t)\  Hi  ( - -£)• 


( V/i.25) 
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. System  of  equations  (V.4.25)  and  (V.4.24)  is  easy  to  solve 

approximately,  assuming  tnat.  a change  in  output  Q (t)  occurs 
sufficiently  slowly.  Let  us  note  first  cf  all,  that  Q (t) 
moriot  cnica  1 1 v decreases  from  value  = 0 (0)  , the  corresponding 
t or  q ue/ mo  men  t.  launching/starting 

Qt~Q(Po).  ( V.4.28) 


. By  taking  into  account  this  fact  and  by  utilizing  an  equation 

(V.4.24),  it  is  possible  easily  to  obtain  the  estimation: 


4 
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yes 


P A< 


4-»l.C>(0  I"  21  Q 


<J  (0 


n„<?.  In  2.  (VA.  27) 


. Frun  (V.4.27)  it  follows  that  with  d small  r^lativ^  frtor  in 

determination  J ?/*  * - oidtt  In  |f?0/^  (/)]/!n  (4x0f/tr)  - l-  i>. 

possible  *0  rely 


J-  __  'ix,,/ 

<12  fl*  • 


(V./..28) 


. If 

ohtairu  ! 


we  subs*i*-utp  expression  (V.4.2P)  in  (V.4.25),  then  will 
he  equation,  which  defines  P (a,  t)  as  implicit  function  of 


DOC 
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i>  AC.  F 


time.  This  equation  it  ir,  renvf nient  tc  convert  to  the  forms: 


X (Pa)  = 


V 0 


In 


2,25x0/ 


(VA2'.)) 


where 


X (Pa) 


Po-P(a,  I)  Q0 
!'»  <?[/*(«,  01 


( V.4.30) 


is  a dimensionless  function  ot  driving  in  pressure,  determined  by  the 
dependence  of  the  function  cf  Leybenzon  and  output  of  hole  of 
pressure;  the  dependence  ot  X (pa)  can  te  previously  determined  for 
this  hole.  Formula  (V.4.29)  shows  that  in  experiments  with  critical 
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pm;  - 


outflow,  the  value  of  Z so  depends  cn  time  as  dimensionless 
pressure  under  con  lit  ions  of  elastic  mcde/ccndi tions.  Therefore,  ty 
re  present  i nj  the  experimental  data  in  the  coordinates  of  X (pa) — In 
t,  it  is  possible  to  determine  the  parameters  of  layer  according  to 
usual  ( locedure  (see  Chapter  III,  4). 

Kith  wish  the  obtained  extensions  can  be  refined,  by 
introducing  corrections  in  equations  (V.4.28)  for  "\2.  Tn  practice, 
however,  with  the  usually  being  encountered  values  of  output  in  this 
correction  there  is  no  need. 


end  section. 
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